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[Npeaucnosue

Ipegraraemas BallleMy BHUMAHWIO KHUTA HAITMCAHA IO
MaTepHagaM JeKIHH g MIAAIeKyPCHHKOB, KOTOPbIe 9H-
TAJNCh aBTOPAMi B pa3Hble T'OJB HA MEXaHUKO-MaTEMaTH-
deckoM dakyiabreTe MIY. (MBI HageeMcsa OPOJOIKHTE 3TY
CEPHIO: TOTOBATCA K MMeYaTH KHUTH ¢I3BIKH M MCIHCAeHH»
i «BBraucanMbie dyHKIHA.)

OcHOBHBIE NOHATHA TEOPHH MHOXECTB (MOIIHOCTH, Op-
[NHHAJBL, TPAHCHUHATHAS HHAYKIHA) BXOAAT B THCIO BEIEH,
KOTOPBIE XOPOIIO Ol 3HATEH JFO00MY MPAMOTHOMY MaTEMATH-
Ky (ffaxe eciu OH He ABAAETCA MATEMATHIECKAM JOTHKOM
Wi o6muM Tonoaorom). OGBMHO MPo HIX KOPOTKO MHIIYT
B IEPBHIX TWTaBaX yIeOHUKOB aHAAN3A, alreOphl WIH TOIIOI0-
PHH, CIIella TePpeUTH K OCHOBHOW TeMe KHUIMH. A Xalb —
mpeaMeT JOCTATOYHO WHTEPECEH, BaXeH W TpOocT, ITOOH
paccka’aTh O HEM He TOPOIACH.

HNmenno Takol MOMYJIAPHBIA PACCKa3 MBI MBITAIHCH Ha-
MHCATH, UMes B BHAY CAMBIX DasHBIX THTATEICH: OT MOJ-
COTOBJEHHOTO IIKOJBHAKA (3aXOTEBIIEro NEPEHTH OT HOGe]
Ha OMHMIHANAX K 4eMy-TO 6olee OCMBICAEHHOMY) JIO0 TPO-
(pecCHOHANBHOrO MaTeMaTHKa (DEINBIIEro IpOYHTATH 10
[JOpore Ha OTABIX, 9TO K€ Takoe TPaHC(UHWTHAA WHIYK-
s, KOTOPYIO BCera 3aMeHsAoT deMMoit Hopaa). /las Goaee
MoAPOGHOT O 3HAKOMCTBA ¢ TEOPHEH MHOXKECTB YHTATENb MO-
KeT 00paTHThCA K JAPYTHM KHUTaM (HEKOTOPBIE H3 HHX Tre-
pedHCIeHbl B CIIMCKE TATEpaTypsl Ha c. 121).

ABTOpHL TIOABL3YIOTCA caydaeM To6IarofapuTh CBOEro
yuureas, Baagumupa AmjgpeeButda YCHeHCKOro, JAeKITHH,
TEKCTHI H BHICKA3BIBAHHA KOTOPOIO TOBIHATH Ha HUX (0
Ha COJepXKaHWe DTOH KHHIH), BEPOATHO, fAake B GOJbIIEH
CTElNeHn, 9eM aBTOPHI 3TO OCO3HAIOT.

ITpu moaroToBke TeKcTa HCMOAL30oBaHbI 3anucH A. Endu-
MbeBcKoro i A. PomaleHko (KOTOPHIH Takke MPOYE mpe/-
BapUTEIbHBIA BApHAHT KHATH W HAIEA TaM HEMAado OIIH-
6OK).
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OpuruHai-MakeT KHATH TOATOTOBICH €€ pPeaKTOpOM,
B.B. llyBanoBsiM; Ge3 ero HaCTOHIHBOCTH (BIIOTH JO DO
TOBHOCTH Pa3/lelHTh OTBETCTBEHHOCTD 33 OMIHOKH) OPHIH-
HaJ-MaKeT BPAJ JH MOSBHACH ObI K KAKOMY-THOO CPOKY.

ABTOpLl IpH3IHATEILHLL Ecole Normale Supérieure de
Lyon (Ppanums) 3a TOAAEPKKY U FOCTENPHHMCTBO BO Bpe-
Mf HATTACAHUA 3TOW KHUTH.

Hapanne KHUTH cTado BO3MOXKHBIM Gaarogapsa Poccnit-
ckoMy douay byHIAMEHTATBHBIX HCCASOBAHWH, a TaKKe
. B. Amenko, KOTOPHIH yTOBOPHI aBTOPOB MOAATH TY A 3a-
ABKY.

Hakonen, Mbl GrarogapuM COTPYJHUKOB, aCIHPaHTOB
H CTYJeHTOB Kadelpbl MaTeMaTHICCKOH JOTHKH MeXMaTa
MTY, a Takke Bcex y9aCTHHKOB HAIlTHX JEKIWH W CEMHHA-
POB H YHTATEIEH NIPEBAPHTENILHBIX BADHAHTOB 5TOH KHUTH.

IIpocuM coobmaTek 0 Bcex ommbKax W OMedaTKaX aBTO-
paM (27eKTpoHHBIE afpeca ver@mccme.ru, shen@mccme . ru;
moaToBLH ajgpec: MockBa, 121002, Boabimon BaacheBckuit
mep., 11, MocKOBCKHH TeHTp HEMpephLIBHOTO MaTeMaTHde-
CKOT0 06pa3oBaHusA).

H. K. Bepewjazun, A. Illens



1. MHOXecTBa U MOLLIHOCTH

1.1. MuoxecTea

OCHOBHbIe IIOHATHA A O6OBHa.‘~IeHHH, CBA3aHHBbIE C MHOXKE-
CTBaMH W olepalWaAMHA Ha g HAMHA:

o Muosicecmea coCTOAT U3 d4eMeHmo6. Jaluchk £ € M
O3HAMAET, ITO T ABIAETCA DIEMEHTOM MHOXKecTBa M.

o loBopsaT, 4ro MuoxecTrBo A sABageTcs nodmmodce-
cmeom MHOKecTBa B (3amuce: A C B), ecam Bce
aneMeHTH A ABAAIOTCA dAeMeHTaMi B.

e MuoxecrBa A U B pasupt (3amnch: A = B), ecau oHn

COJIEPXAT OJIHH M T€ XK€ BAEMEHTHI (pYTHMH CIOBAMH,
ecii A C Bu B C A).

e Ecim A — noamuoxecrBo B, He paBHoe Bcemy B,
TO A Ha3BIBAIOT CO6CMEEHNbIM TTONMHOXKeCTBOM B (3a-
miack: A C B).

=

L 4 Hycmoe MHOXKeCTBO & He CONCPHKHAT HH OQHOI'O 3Je-
MEHTa H ABJAETCA MOAMHOXKECTBOM aioboro MHOXKe-
CTBa.

o Ilepeceuenue A N B gByx muoxects A u B cocTouT
W3 BIEMEHTOB, KOTOPHIE IPHHA JIeKAT 060MM MHOMXKe-
crBaM A u B. OT0 3alUCHIBAIOT TaK:

ANB={z|z€ Auzc B}

(‘IHTa.eTCHZ MHOX€CTBO TaKHUX I, YTO... )

o Ob6vedunenue AU B cOCTOUT W3 3AEMEHTOB, KOTOPHIE
NpHHA IeXKAT XOTA OBl OffHOMY W3 MHOXKecTB A w B:

AUB={z|z € Awm z € B}.
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e Pasnocmv A\ B coCTOMT U3 2IEMEHTOB, KOTOPbIE IPH-
Hajuexar A, Ho He puHagAeXRaT B:

A\B={z|z€Aunz¢ B}

Ecsm MHOXkecTBO B ABAAETCA MTOAMHOKECTBOM MHOZKE-
crBa A, pasHoctb A\ B HasbIBalOT Takke donoanenu-

ex B do A.

o Cummempuueckaa pazvocmv A A B cocrour ua ie-
MEHTOB, KOTOphLIe IpHHAJICXKAT POBHO OJHOMY H3
MmHOXecTB A n B:

AAB=(A\B)U(B\A)=(AUB)\ (AN B).

e Yepes {a, b, c} obosnataeTcs MHOKECTBO, KOTOPOE CO-
MEPAMT BAEMEHTHI 4, b, ¢ U He COflepANT Apyrux. Ecam
cpean a, b, ¢ ecTh paBHBIE, OHO MOXKET COJIEPKATh OIMH
wiam nBa saemenTa. [logobHoe 06o3HAMEHNE UCTIONB3Y-
eTcAd U B MeHee (POPMATLHBIX CHTYAMAX: MHOXKECTBO
WIEHOB TIOC/e/IOBATENbHOCTH 4y, d1, ... 0003HAIAETCA
{ag, a1, ...} nau gaxe {a;}. Boaee akkyparHas 3anuch
[T TOTO Xe MHOXKecTBa Takosa: {a; |1 € N}, raqe N —
MHOXKecTBO HaTypadbubix dnucea {0,1,2,...}.

HonsiTe MHOXECTBa MOABWIOCH B MATEMATHKE CPAaBHU-
TeABLHO HEJAaBHO, B KoHIe 19-ro Beka, B cBasm ¢ paboramun
KanTopa (cpaBHeHHe MOIIHOCTEH MHOXECTB), O KOTOPHIX
noHAET pedb gadbine (pasgen 1.3 u caegyromme). Hekoro-
poe BpeMs Hazal TOT A3BIK MBITAINCH BHEJPUTH B IIKOIb-
HOE TIpernoaBatmne, OObACHIA YIeHHKAM, 9TO Y ypDaBHEHHA
2241 = ( ecTb MHOKECTBO pelleHuH (BIpoYeM, TycToe), ITO
MHOMKECTBO pPeIlleHHH CHCTEMBI Y PaBHEHHH eCTh TlepecevdeHne
MHOXK€ECTB PellIeHHH KaX Joro 03 HIX (a [ ¢COBOKYTHOCTHY
ypaBHeHHH — oObeHHEHHE), 9TO B MHOXecTBe {2,2,3} He
TPU DJIEMEeHTa, & ABa, U OHO paBHO MHOKecTBY {2,3}, uro
&, {&} u {&,{&}} — 5r0 TpU coBepilleHHO PAIHBIX MHO-
*ectBa U T. . Ho Bcé paBHO GOMBITHHCTBO MIKOALHHKOB TaK
M He IIOHAJIO, TOYeMy MHOKECTBO DellleHHH ypaBHEHHA &2 =
= 4 MOXHO 3anuchiBaTh Kak {—2,2}, a MHOXKeCTBO pelleHui
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ypaBHeHns z2 = —4 Helb3dA 3alACHIBATDL Kak {2} (a Hago mu-

cath &). OTMETHM KCTATH €lE ABa PACKOXKIEHHA: B IIIKOIE
HaTypajlbHble YHCIa HAYMHAIOTC ¢ eMHAIIL], a B HEKOTOPBLIX
KHIKKAX — C HyJsA (MBI ToXe OylleM Ha3biBaTh HyJb HATY-
paabHbIM TuciaoMm). Kpome Toro, urorga BMecTo C numyT C,
UCTIoAb3ya C A COBCTBEHHBIX MOJAMHOXKeCTB (BMecTO Ha-
11ero g)

Mbl npegmosaraeM, 9To MepedUcIeHHbIE BhIe OCHOBHBLIE
HOHATHA TEOPHM MHOXeCTB 6oJee WIH MeHee BaM 3HAKOMDI,
u 6yJeM focTaTOYHO cBOGONHO UMHA HOAbL3OBATLCA. BoT He-
CKOJIBKO 3aJ[a9 A CAMOKOHTPOJIA; HAeeMCA, IT0 GOMBIITHH-
CTBO M3 HHX He NPEeJCTABUT AIA Bac GOJLIIONO TPYAa.

1. Crapelinmii MaTeMaTHK CpeJH IaXMaTHCTOB U CTapEHIIIHAK
IMaxXMaTHCT CPeJH MaTEMATHKOB — 3TO OJUH WK TOT Xe TeI0BeK
i (BO3MOXHO) pa3Hble?

2. Jlymnmi MaTeMaTHK Cpel NIaXMATHCTOB W Jy<9lImH MIax-
MaTHCT CPEJH MaTEMaTHKOB — BOTO OJWH HH TOT XK€ 9TeJ0BEK
i (BO3MOXHO) pa3Hble?

3. Kaxgul necATHH MaTeMaTHK — IIAXMaTHCT, a KaX bl
IMeCTol IMaXMaTHCT — MaTeMaTHK. Koro 6oabile — MaTeMaTH-
KOB HJId NIaXMaTHCTOB — B BO CKOABKO pa3?

4. CymectByioT im Takne mHOXecTBa A, Bu C, 910 AN B #
#2,AnNC=2u(ANB)\C =07

5. Kakwe u3 pasercts (a) (ANBYUC = (AUC)N(BUC);
(6) (AuB)NC = (ANC)U(BNC); (8) (AUB)\C = (A\C)UB;
(0) (ANB)\ C = (A\C)n B; (1) A\ (BUC) = (A\ B)n
N(A\C); (e) A\(BNC)=(A\ B)U(A\C) BepEH gi1a mOGHX
muoxecTB A, B,C?

6. IlpoBegmTe MOAPOGHOE NOKA3aTEIbCTBO BEPHHIX PaBEHCTB
IpefHIAyINEH 3afa<H, HCXOLA W3 ompefeienw. ([lokaxem, 910
MHOXECTBa B JeBOH H IIpaBOH 9acTAX paBHH. IlycTb £ — moboi
2IEMEHT JIeBOH 9acTh paBeHcTBa. Torga ... IlosTomy T BXOOHT B
mpaByio gacTk. O6paTHO, mycTs . .. ) IIpuBesuTe KORTPIPEMEDPH
K HEBEPHHIM DaBeHCTBaM.

7. lokaxuTe, 9TO CAMMeTPHIeCKas Pa3HOCTh aCCOMUATHBHA!
AN (BAC)=(AA B) AC pas mobuix A, B u C. (Ykaszagme:
CI0XK€HYE [0 MOAYIIO 2 aCCONUATHBHO. )

8. llokaxwmTe, 910 (A1 N...NA)A(BiN...NB)C (A1 A
A Bi)U...U (An A By) gas mo6eIx MHOXeCTB Aj,...,An ®
Bi,...,Bn.
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9. lokaxwuTe, ITO €C/H KaKoe-TO PaBeHCTBO (cojepxkaliee Ie-
PeMeHHHe I MEOXeCTB K oepanuu N, U, \) HeBepHO, TO MOXHO
HaWTH KOHTPIPAMEP K HEMY, B KOTOPOM MHOXECTBA IYCTHl HIH
COCTOAT W3 OJHOI'O DIEMEHTA.

10. CKOIbKO pa3THIHHX BHIPAXEHWH A MHOXECTB MOXHO
COCTaBHTE W3 IepeMeHEHX A 1 B ¢ moMoiso (MEOIOKpaTHO HC-
[OIb3YEMHIX) OEPayil Mepecedenns, 0O beJHAEHNA H Pa3HOCTH?
(/lBa BEIpaXeHHS CIATAIOTCA OSNHAKOBHIMHE, €C/H OHH PaBHHL IIPH
MOBHIX 3HaIeHHAX IEPEeMEHHHX.) ToT Xe BOIpPOC s TPEX MHO-
XKecTB B A n MEOXecTB. (OTBeT B 061IeM ciyZae: 22"—1‘)

11. Tor xe BompoOC, €CiF HCHOJB3YIOTCA TOMBKO onepanwa U
7 N. ([ag 5ByX ¥ TPEX mepeMeHHHIX 9TO IHCIO HECAOXKHO 0 JCIH-
TaTh, HO o6mer GOPMYIH AIA 11 IEPEMEEHBIX HE H3BECTHO. JTY
3a/a9y Ha3HBAKT TaKXe 3ajJadel O 9rCie MOHOTOHHHIX GyJIeBHX
dyEKTHE OT 1t apryMeHTOB. )

12. Ckombko cylIecTByeT MHOAMHOXECTB Y fi-DI€MEHTHOI'O
MHOXecTBa?

13. IlycTe MHEOXeECTBO A COOEPXHUT 1 DIEMEHTOB, a €ro HOoJ-
muOXecTBO B cogepxwurt k smemerToB. CKOJIBKO CyIIeCTByeT MHO-
xectB C, mag xotopux B C C C A?

14. MuoxectBo U comepxuT 2n sieMeHTOB. B HEM BHIAemeHO
k mogMHOXeCTB, IPHIEM HE OJHO W3 HUX HE ABJAETCS MOJAMHO-
xecTBoM apyroro. KakoBo MoxeT GHTH MakCHMAILHOE 3HAYECHAE
wmcia k? (Yxasamme. MakcEMyM JOCTHraeTcs, Korga Bce IOf-
MHOXeCTBa UMEIOT IO 11 dieMeHToB. B camoMm nene, mpegcraBum
cebe, 9TO MHB Ha9WHAEM C IYCTOI'O MHOXECTBa K HoOaBisgeM IO
OJHOMY dJEeMEeHTY, IoKa He noiyInTcsa mHOXecTBo U. B x01€ Ta-
KOI'0 IPOIEecca MOXeT MOABATECA He Gojlee OJHOIO BHIIEIEHHOI'O
MHOX€CTBa; C IPYrOl CTOPOHBI, MOXHO MOACIATAThH MaTeMaTH-
9eCKoe OXHJIaHFe THCJIa BHAEIEHHEEX MHOXECTB IO JTHHEHHOCTH;
BEPOATHOCTEH NPOWTH 9epe3 NaHHOe MHOXecTBO Z C U mumEm-
MaibHa, KOrja Z CONEePXUT 11 DIeMEHTOB, IOCKOIBbKY BCe MHOXe-
CTBa NaHHOI'O pa3Mepa PaBHOBEDOSTHHL. )

1.2. Yucno anemenToR

Yucao 21eMEHTOB B KOHETHOM MHOXKecTBe A Ha3hIBAOT
TaKKe ero mouyHocmbio u oboznadaor |A| (a Takxke F#HA).
(Bckope Mbr 6yfleM TOBOPHTH O MOINHOCTAX M s GEcKo-
HeYHBIX MHOXecTB.) Caenyromas hopMyiia Mo3BoJAdeT Hall-
TH MOIJHOCTH 06BeIMHEHNA HECKOIBKHX MHOKECTB, €CAH W3-
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BeCTHBl MOIIHOCTH KaX/[Oor'0 M3 HUX, a TakKKe MOILIHOCTH
BCEX TEPeCeTeHMH.
Teopema 1 (dDopmyna BkOHEHHA M UCKIIOHEHNUN).

|AU B| = |A|+|B| - AN B];
|[AUBUC| =|A|+|B|+|C| -
—|ANB|—-|ANC|—-|BNC|+
+|AnBNC|;

Boobie |[A1 U ...U A,| paBHo

STIAI =D 140 Ajl+ D0 14N A0 Akl — ...

i i<j i<j<k

<] JTO yTBepXJcHHE HECHOXKHO [NOKa’aTh HHAYKIHEN
IO 1, HO MBI IPUBEAEM APYroe JoKa3aTelbcTBO. (PHKCHpyeM
MPOM3BOIBHOE MHOXKECTBO [/, MOAMHOKECTBAMH KOTOPOTO
ABAAIOTCA MHOKecTBa A1, ..., Ay,

Xapaxmepucmuuecxoti Pynryueti maoxkecta X C U Ha-
3pIBaloT (QYHKIUIO Xx, KOTopad paBHa 1 Ha sgeMeHTax X
n 0 Ha ocTraabHLIX anemenTax /. Onepaumm Haj 10AMHO-
XKecTBaMH MHOXecTBa [/ COOTBETCTBYIOT OIepaljaM C HX
XapaKTepUCTHIeCKHME (pyHKIMAME. B 9acTHOCTH, Iepece-
YEHHIO MHOXECTB COOTBETCTBYET IIPOU3BeicHHE XapaKTepH-
crudecknx Gyakumi: X anpg (v) = X4 (u)Xp(u). onornennro
(mo U) coorBercTByeT byHKIMA 1 — X, ecin X — XapakTe-
pucTHIecKad (PYHKIMA HCXOJHOIO MHOXECTBA.

Yucao 31€MeHTOB MHOXECTBa MOXHO 3allHCaTh KaK CyM-
My 3Ha9eHHI ero XapaKTepHCTHICCKON (hyHKIIHN:

1X] = 3" Xx (u).

O6mequnenne Ay U. ..U Ay MOXHO 3allHCATh KaK JOMOTHE-
Hie K TepecedeHro JONMOTHEHHH MHOXKeCTB A;; B TepMuUHAX
XapaKTePHCTHIeCKHX (QYHKIHA HMeeM

Xau..u4, =1—(1=Xxa,)...(1 —X4a,).
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PackpbiB cko6KH B TpaBOH 9aCTH, MBI TIONY THM

ZXA' ZXA Xa; + Z XaXa;Xa, —

1< i<j<k

M [IPOCYMMHPOBAB JEBYIO U IPaByI0 YacTh 0 BCeM DJeMeH-
Tam U (06e onu ecth pyHxmmu Ha ), noay<aum dopMyry
BKJIOYeHHH W MCKIIOYCHHH. [>

15. lokaxmuTre, aTo |41 A ... A A,| paBHO

Z|A|—ZZ|A NA|+4 > JAiNA NA— ...

i< 1<y <k

(x0adduUNEERTH — MOCIeJOBaTEIbHBE CTENEHN JBOMKH).
IMoac4EéT KOAUIECTB DAEMEHTOB B KOHETHBIX MHOKECTBAX
OTHOCAT K Kombunamopuxe. HexkoTopble HadalbHbIE CBEfe-
HHUA W3 KOMOMHATODHUKH NPHUBE/IEHbl Jajbllle B Ka4ecTBe 3a-
npad. Celldac HAC B IEPBYIO O9epeib HHTEPECYET CAeNYIONITHH
TIPUHITAIL:
€CJIH MEXY JBYMA MHOXKECTBaMH MOXHO yCTaHOBHTH B3a-
HMHO OJHO3HaYHOC COOTBETCTBHE, TO B HHX OJHHAKOBOC
YHCJAO SJACMEHTOB.

(BaaumHas OfHO3HAIHOCTH TPebyeT, YTOOH KAk OMy Bie-
MEHTY MepBOTI0 MHO¥KECTBA COOTBETCTBOBAJ POBHO OJ/IUH 3JIe-
MEHT BTOpOr'0O H HaoGopoT.)

BoT HeckonbKO NMPUMepPOB UCIONB3OBAHUA DTOTO TPHH-
oumna.

16. Ha okpyxHuOoCcTH BEHO6pams 1000 Geibix TO9eK W OfHA TEP-
Hadg. Yero Goubllle — TPEYroOJHHUKOB C BEPIIMHAME B GeIbIX TO9-
KaX WM 9eTHPEXYrOJHHUKOB, Y KOTOPDHX OfHA BeplINHA I€PHAs,
a ocrambEHe TpH 6exsie? (Pemenne: nx HOpoBHY, MOCKOIBKY Ka-
XK JTOMY 9eTHPEXYTOJHHAKY COOTBETCTBYET TPEYr'OJbHUK, o6pa-
30BaHHBIH TPEMA €ro GelbIME BEPIIHHAMHE. )

17. Kakux mogmuoxecTs Gombime y 100-51eMeETHOTO MHOXE-
CTBa: MOIIHOCTH 57 mm MomEocTH 437 (Ykaszamme: 57+43 = 100.)

18. JlokaxmuTe, 9TO MOCIEOBATEIBHOCTEH MJWHBEL 13, COCTa-
BIEHHBIX W3 HYJeH ¥ €JWHAI, CTOJLKO Xe€, CKOITBKO II0JMHOXECTB
y mHOXecTBa {1,2,...,n}. (YkasaEme: KaXJOMy HOJMHOXECTBY
X C {1,2,...,n} cooTBeTCTBYeT ¢XapaKTEpPHCTHIECKAs IIOCIe-
NOBATEILHOCTEY, HA i-M MECTe KOTOPOH CTOHT €JWHWNA, €CIH W
TOMbKO ecim ¢ € X.)
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19. [JokaxwuTe, 9TO MOCIEAOBATEILHOCTEN HYJIEH W €IWHAL
[NIAHHL 13, B KOTOPHIX 9HCJIO eJWHALN PaBHO k, paBHO 49ucity k-dite-
MEHTHHIX IOIMHOXECTE -3JeMEHTHOT'O MHOXECTBA.

3TO 9HCJAO HA3bIBACTCH HUCAOM couemanuti u3 n no k
u obo3HaMaeTCA Cr}: B PYCCKHX KHHXKKaxX; B HWHOCTPAaHHBIX
OOBITHO HCIIOMBb3YeTCA obo3HaeHHe (2)

20. [JokaxmuTe, wTo CF = C»~*,

21. JokaxnTe, aTo Co + CL + ...+ C? = 2™,

22, Ilycte U — memycToe KoHe9IHOE MHOXeCTBO. [lokaxmTe,
9T0 MOAMHOXECTB MHOXeCTBa U, IMeoImX 9€THYI0 MOIIHOCTS,
CTOIBKO XK€, CKOIPKO HMEIOIINX HeIETHY0 MOIHOCTD. (YKa3aHHe:
duxcupyem saeMeRT u € U u 06beIMEAM B IapH MOAMHOXECTEA,
OTIM9aIONHECT TOIBKO B TOIKE U.)

23. loxaxnre, ato Cp — Cr +CZ — ... +(=1)"CZ = 0. (Yka-
3aHWe: KaK 9TO CBA3AHO C IPeJBIAYIIEH 3aaden? )

24, lokaxuTe popmyry 6uroma Heomona:

(a+b)" =Coa™ + Cha™ 'b+...+ Cra™"b* + ...+ C2b™.

25. JlokaXxmnTe, 9TO CIOCO60B PACCTAHOBKE CKOGOK (yKa3bl-
BaOLIAX MOPAJOK JeHCTBHE) B HeaCCONHATHBHOM IPON3BEJEHHN
H3 11 3JEMEHTOB CTOMBKO Xe, CKOIbKO CToCO60B Pa3bHTh BHIIYK-
b (n + 1)-yroibEEK Ha TPEYrOIbHVKE HeNEpPeCeKalOUIMUCS
ZuaroHaxsmu. ([lif mpomsBefeHHS TPEX MHOXKHUTENEH eCTh ABa
BapmaETa (ab)c m a(bc); ¢ Zpyro CTOpOHH, €CTh JBa CIOCO-
6a paspesaTh 9eTHPEXYIOJbHMK Ha IBa TPEYyTrOMbHHWKA, ITPOBe-
IS mHaroHawb. /lif IpoW3BeleHAA e THPEX COMHEOXATENEH H IS
[IATHYTOJbHEKA MMeeTCA IO 5 BapHAHTOB. )

1.3. PasHomowHble MHOXecTBa

JIBa MHOKeCTBa HA3BLIBAIOT PASHOMOUSHBIMU , ECTTH MEK Y
HAMH MOMKHO YCTAHOBATH B3aWMHO OJHO3HAYHOE COOTBET-
CTBHE, TP KOTOPOM KA JIOMY DIEMEHTY OHOT O MHOXKECTBA
COOTBETCTBYET POBHO OJMH 3JEMEHT [pPYToOro.

JIi1s1 KOHETHBIX MHOMKECTB 9TO 03HAYAET, 9TO B HUX OfH-
HAKOBOE YHCJIO0 3MAEMEHTOB, HO ONpPEJeleHHe MMEET CMBICT
U aus GecKOHedHBIX MHOXecTB. Hanpumep, orpesku [0, 1]
u [0, 2] paBHOMOLUHBI, TIOCKOIBKY OTOOpaxeHue T — 2z ocy-
[IECTBAAET NCKOMOE COOTBETCTBHE.
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26. [JokaxwuTe, 910 mOGHE gBa mETepBata (a,b) m (c,d) Ha
OpAMOl PABHOMONTHEL.

27. Jlokaxwre, 9T0 Jo6He JBe OKPYXHOCTH Ha ILIOCKOCTH
paBEOMOMEH. [lokaxuTe, 9T0 A06HE ABa KPyTa Ha ILIOCKOCTH
PaBHOMOIIIEHI.

28. [lokaxwuTe, 9T0 moxymETepBal [0,1) paBHOMOIIEH HOIy-
maTepBaty (0,1].

Heckonbko 6osee ciioXHa Takas 3aada: A0Ka3aTb, 9TO
uarepsan (0,1) u gy« (0, +00) paBHOMOIIHEL. JTO JedaeTcsa
Tak. 3aMeTHM, 4T0 oTobpakenune z — 1/x aBasercsa B3aum-
HO OfHO3HAYHBIM cooTBeTcTBHeM Mexay (0,1) u (1,400),
az — (z — 1) — B3aUMHO OJHO3HAYHBIM COOTBETCTBHEM
mexay (1,400) u (0,+00), MOPTOMY HX KOMIOIMIHA T —
— (1/z) — 1 aBAseTCA MCKOMBIM B3aHMHO O/JHO3HAYHBIM CO-
orsercTBieM Mexay (0,1) u (0, 4o00).

Boob6iie, kak TOBOPAT, OTHOIIEHHE PABHOMOIIHOCTH €CTh
OmHOWeENHUE FKEUSAAEHMHOCTU. JTO 03HAIAET, ITO OHO pe-
Paexcueno (Kaxgoe MHOKECTBO PABHOMOIIHO caMoMy cebe),
cummempuuno (ecim A pasHomoinHo B, To u B paBHOMOII-
Ho A) u mpanzumueno (ecaim A pasHoMoiuHo B u B paBHO-
motao C, To A paBaoMotto C'). CBORCTBOM TpaH3WTHBHO-
CTH MBI TOJBKO 9TO BOCIHOAB3OBAJINCH, B3sB aAy4 (1, +00) B
KadecTBe TPOMEKYTOTHOIO MHOKECTBA.

Eiié HecKoabKo MpUMeEpOB:

o MuoxecTBo GeCKOHEIHBIX MOCICAOBATENHLHOCTEH HY-
Jeld W eJUHUL] PABHOMOIIHO MHOXECTBY BCEX IIOIMHO-
JKeCTB HaTypalbHOro piaga. (B camoMm pgere, conocra-
BHM ¢ KaXJOH TOCAeNOBATEILHOCTHIO MHOKECTBO HO-
MEpPOB MECT, Ha KOTOPBIX CTOAT €[UHUIBI: HAIPUMED,
MOCAEJOBATEIBHOCTL W3 OJHHX HYJEH COOTBETCTBYET
MyCTOMY MHOXECTBY, W3 OJHHX €[UHWI] — HATyPalb-
HOMY PARY, a TmociaegoBaTeabHocTh 10101010... —
MHOX€ECTBY 9ETHBIX THCEI.)

o MuoxecTBO GECKOHETHBIX TOCAEIOBATEILHOCTEH ITHDD
0, 1, 2, 3 paBHOMOIIIHO MHOXecTBY GeCKOHETHBLIX TIO-
caegoBareabHocTed mudp 0 u 1. (B camom gene, Mox-
Ho 3akogupoBaTh mudps 0, 1, 2, 3 rpynmamu 00, 01,
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10, 11. O6paTHoe npeobpazoBaHie pa3buBaeT MOCTE-
NOBATEALHOCTD HYJeH W eJMHUI] HA TAphl, MOCHe 9ero
Kaxjad mapa saMeHseTcda Ha mugpy ot 0 go 3.)

MHuoxecTBO GeCKOHETHBIX TOCAeJOBATEABHOCTEH Hp D
0, 1, 2 paBHOMOIIIHO MHOXKECTBY 6ECKOHETHBIX MTOCTE0-
BaTenbHocTel nudp 0 1 1. (MoxHO GbLI0 GBI TBITATHCA
PacCcy®AaTh TaK: 9TO MHOKECTBO 3aKIIOYEHO MEKY
[NBYMs MHOXECTBAMHA OJJHOH U TOU € MOIIHOCTH, H [O-
TOMY PaBHOMOIIHO KX JOMY U3 HHX. DTOT X0 MBICJAeH
MpaBWJeH, KaK MMOKasbiBaeT TeopeMma KanTopa— Bepn-
mrreiina w3 pazgena 1.5. Ho agech MoXHO 06OUTHCH |
6e3 5TOH TeopeMbl, ecld 3aKoAupoBaTh nudps 0, 1 1 2
nociegoBaTenbHocTAMHE 0, 10 1 11: merko coobpasuTh,
9TO BCAKAA MOCASOBATENBLHOCTD HYJEH W JMHHIT O
HO3HAYHO pasbuBaeTCs Ha Takue GIOKH CJAeBa HAIPABO.
Takol ciocob KOMPOBAHUA HA3HIBAIOT (MPehHKCHBIM
KOJOM).)

IIpuMep ¢ moCAIeAOBATEILHOCTAMK HyJded W €JHHMHIL
MOKHO 0606IATHL: MHOXKECTBO MOIMHOKECTB Ti060-
ro mMHoxectBa U (oHO o6brdHO oGosHawaeTca P(U)
H TIO-aHTIHHACKH HA3bIBAETCA POWET set) PaBHOMOIIHO
MHOXKECTBY Bcex (PYHKIUU, KOTOpLIE CTaBAT B COOT-
BETCTBHE KaXk oMy ieMeHTy z € U omHo ua wvucea 0
u 1 (MHOXecTBO Takux (YHKIHHA OGBIMHO 06O3HAaYa-
or 2X ). (B camom pedne, kaxgoMy MHOXecTBY X C U
COOTBETCTBYET €0 XapaKTepHCTHYecKas (PyHKIHA.)

Mur IpOAOTAKHAM 3TOT CIIHCOK, HO CHaYaJa IIOJC3HO JOKa-
3aTh HEeCKOJBKO IIPOCTHIX (I)a.KTOB O CYETHBHIX MHOXECTBaX

(pa.BHOMOH_IHI)IX MHOXECTBY HaTYpPaJbHBIX ‘IHCGJI) .

1.4. CueTHble MHOXecCTBA

MuoxecTBO HaszbIBaeTCA CHémelM, €CJIH OHO PaBHOMOIII-

HO MHOXecTBY N HaTypalbHLIX 9YHCEN, TO ecTh €ClAH ero
MOXHO TIpECTaBuTh B Bujge {Zo,Z1,Z2,...} (3f4ech z; —

2JICMEHT, COOTBeTCTByIOH_IHIfUi YUACTY Z, COOTBETCTBHE B3aHM-

HO OQHO3HAYTHO, TaK 9TO BCE I; paBJIH‘IHbI).
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HanpuMep, MHOXkecTBO TebIX 9ucen 7 CI6THO, TaK Kak
HeJgble IUCTa MOKHO PaclioJOXHTL B TIOCJAEA0BATENLHOCTE
0,1,-1,2,-2,3,-3,...

Teopema 2. (a) IlogMHOXKeCTBO CIETHOIO MHOKECTBA KO-
HEYHO MJIH CYETHO.

(6) Besikoe GeCKOHEIHOE MHOKECTBO CONEPHKUT CUETHOE
MO MHOKECTBO.

(8) O6BeuHEHHE KOHETHOT'O HIH CIETHOIO THCJIA KOHEY-
HBLIX HJIH CIETHBLIX MHOXECTB KOHEYHO HJIH CYETHO.

< (a) IlycTh B — HOJAMHOKECTBO CHETHOTO MHOKECTBA
A = {ag,a1,a9,...}. BubpocuM u3 nocaeaoBaTelbHOCTH
dg, @1, . .. Te 4IeHBl, KOTOPHIe He IpHHaJIexaT B (coxpanas
Hops ok ocTaBinuxcsd). Torga ocTaBIIHecs WieHbl 06pasyoT
60 KOHETHYO TTOCAe[0BaTeNbHOCTE (H Torja B konewdHO),
6o GeckoHedHyIo (M Torga B c4éTHO).

(6) Tlycte A GeckoHewro. Torga oHO HemycTo W cofep-
AT HEKOTOPHLIH HaemeHT bg. Byayam GeckonedHbIM, MHO-
XKecTBo A He MCYepILIBaeTCA BJeMEHTOM by — BO3LMEM Ka-
KOH-Huby AL Apyroi siementT by, u T. g. Ioayaurcd mocae-
NOBaTEILHOCTD by, b1, . . .; MOCTpOEHHE He NMPEPBETCA HH Ha
KaKoM IIare, mockoabky A 6eckonedno. Temeph mMHOXecT-
Bo B = {by, by,...} u 6ygeT HCKOMBIM CUYETHBIM MO IMHOXKe-
cTBoM. (3aMeTHM, 94T0 B BOBCe He 00f3aHO cOBNaaTh ¢ A,
naxe ecin A c4€THO.)

(B) HycTh MMeeTCA CYETHOE YHCIO CYETHBIX MHOXKECTB
A1, As,... PacionoxmB a1eMeHTHl KaX/oro M3 HHX caeBa
HalpaBo B nociegoBarenbHocTs (A = {a50,a8:1,...}) 1 no-
MECTHB 3TH MOCIEJOBATENLHOCTH APYT O APYTOM, TIOAY-
9UM TabIuIy

Ggp Gp1  @Go2 Qo3
210 G11 @12 413
G20 G211 4G22 a23
a3p G31 a3z2 ass

Tertepb 3Ty TabIAIy MOKHO Pa3BepPHYTH B TOCAEOBATENb-
HOCTB, HATIPUMED, MPOXO/A 110 OYepe MHar OHAJIH:

@po, @01, @10, @G02,0a11, @20, A03,0a12, 321,030, -
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Ecaun muO)ecTBa A; He MEPECEKATUCH, TO MBI TTOJYIHAN HC-
KOMOe TIpeJIcTaBienne 1nd ux o6bequnenusa. Ecau nepeceka-
JHUCH, TO W3 NOCTPOEHHOH TOCAEJOBATEILHOCTH HAIO BHIGPO-
CHATH TIOBTOPEHHA.

Ecmi MHOXeCTB KOHETHOE YHCIO HAW KaKHe-TO W3 MHO-
JKECTB KOHEYHBI, TO B DTOH KOHCTPYKI[HH YacCTH WICHOB He
6ygeT — U ocraHeTca JAu60O KoHedHoe, AUOO CIETHOE MHO-
KecTBO. [>

29. OnncaEHEHE IPOXOJ IO JWAroHAIAM 3aJaéT B3aMMHO Of-
HO3HAIHOE COOTBETCTBHE MEXJTy MHOXECTBOM BCeX Iap HaTy-
pambEHX Tucel (koTopoe o6ozHazaeTca N x N) m N. JIio6onsrteo,
9TO DTO COOTBETCTBHE 3aJaéTCS MPOCTOH HOpMYJIOH (MEOTOiIe-
HOM BTOPOH CTEIeHH C paliOHATbEHIME KodddunuerTamn). YKa-
XKHATe DTOT MHOIOIIEH.

3ameuanue. B gokasarenbcTBe yTBepKAeHUsA (6) Teope-
MBI 2 eCTh TOHKHU MOMEHT: Ha KaX[OM Iare Mbl JOMK-
HBI BRIOPATH OHH W3 OCTABIIHXCA 3IEMEHTOB MHOXKeCTBa A;
TaKHe 3JeMeATH eCTh, HO ¥ HAC HET HAKAKOT O IPaBUIa, T0-
3BOJAOIIErO Takol BhIGOp omucarh. Ilpu Goaee dopManb-
HOM TIOCTPOEHHH TEOPHH MHOXKECTB TYT HYXKHO COCIATHLCA
Ha CIEHATHHYI0 aKCHOMY, HA3LIBAEMYIO aKcuomol evbopa.
3aKOHHOCTE DTOH aKCHOMBI BHI3BIBaAa GOJbINHEe CIOPHL B Ha-
qage 20-ro Beka, HO TOCTENEHHO K HeW NPHUBLIKAH, W DTH
CIOpHI Celvac MOoYTH He BocpuHuMaioTces. B cepeaune Beka
Besukni Joruk Kypr ['éenn gokazan, 9To akcHOMY BHIGOpa
HeTb3s ONMPOBEPTHYTH, MOMB3YACH OCTATHLHBIMA AKCHOMAMH
TEOPHH MHOXeCTB, a B 1960-e roasl aMepHKaHCKHI MaTeMa-
Tk Hon [x.KodH mokazan, 9T0O €€ Helb3sd W BHIBECTH W3
ocTalbHBIX akciHoM. (KoHedHo, MOHNMaHHe STHX yTBepPXKje-
HIUH TpebyeT MoApOoSHOT0 HATOKEHHA TEOPHH MHOKECTB KaK
AKCHOMATHYECKOH TeOpHH. )

30. Takol Xe TOHKHI MOMEHT (XOTS W MeHee O9YEBHIHHIN)
€CTb U B JOKa3aTelbCTBe yTBepXAeHus (B). MoxeTe /mm BH fora-
Jatbes, Tae oE? (OTBeT: MH 3HaeM, 9TO MHOXeCTBa A; CIETHH,
TO €CTh ITO CYIECTBYeT B3aEMHO OJHO3HATHOE COOTBETCTBHE
mexay N u A;. Ho myxHO BHOpaTh H GHKCHpDOBATH 3TH COOT-
BETCTBHS, IPeX e IeM yAacTCA HOCTPOUTH COOTBETCTBHE MEXIY
obbegunennem Beex A; m N.)

Eme HECKOJBLKO IIpHMEPOB CYETHLIX MHOKECTB:
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¢ MHuoxecTBO Q PalqHOHAJBbHBIX THCEI caeTHO. B camMom

Jede, pallHOHaJbLHbIE YUCAa IPEACTABAAITCA HECOKPa-
TUMBIMHA ApPOOAMH ¢ LEILIM YHCANTEIeM W 3HaMeHa-
TejqeM. MHoxecTBO Apobel ¢ JaHHLIM 3HaMeHaTeJleM
cuérHo, nosromy () mpegcraBuMo B BHAe o6begUHe-
HHsA CIETHOrO YACIA CICTHBEIX MHOXKECTB. Jaberas Blle-
pén (cM. pasnen 1.6), oTMeTHM, 4TO MHOXKecTBO IR Beex
JERCTBATENLHLIX YUCE] HECIETHO.

Muoxectso N¥, sieMenTaMit KOTOpPOro ABIAIOTCA Ha-
60pEl W3 k HATypaabHLIX 9HCEN, CIETHO. JTO JErKo
JoKa3zaTh uHaykKiuen mo k. Ilpu k = 2 MHOXecTBO
N? = N x N nap marypaibHbIX uncen pas6uBaerca
Ha c4éTHOe yucao c4éTHbhx MHOKecTB {0} x N, {1} x
x M,... (saeMeHTaMH i-10 MHOXecTBa OyfyT TIApHI,
TIepBHII WIeH KOTophix pased i). [losromy N? caérho.
Ananorm4nsiM o6pasom MuoxectBo N? Tpoek mary-
PalTbHBIX 9HCces pa3buBaeTcd Ha CIETHOE IHCIO MHO-
weers {i} x N x N. Kaxoe u3 HIX COCTOMT U3 TpOEK,
MEPBBIA WIEH KOTOPHIX (PMKCHPOBaH M TIOTOMY paBHO-
Morao MEOXecTBY N2, kKoTopoe cuérno. Touno Tak
ke MOXHO MepeliTH oT cdéTHocTH MHOxkecTBa N¥ K
caérHOCTH MHOXKecTBa NA+T,

MHOXKECTBO BCeX KOHEIHBIX MTOCAeOBATEALHOCTEN Ha-
TYypadbHBIX ducen caéTHo. B camom geme, MHOXecT-
BO BCeX MOCAEJOBATENBHOCTEH JAHHOH NIHHBI CIETHO
(xak MBI TOIBKO 9TO BHAEIH), TAK 9TO HHTEPECYIOIIEE
HAC MHOXECTBO paszGUBaeTcsa Ha CIETHOE YHCIO CHET-
HBIX MHOXKECTB.

B mpenabiayieM npuMepe He 0643aTelbHO T'OBOPHTE O
HATYPATbHBIX THCIAX — MOXKHO B3fATh A1060e CIéTHOe
(nmu xoHewHOE) MHOXKecTBO. Hampumep, MHOXeCTBO
BCEX TEKCTOB, HCTOMB3YIOIMX PYCCKHI atxdaBuT (Ta-
KOH TEKCT MOXKHO CIHTATH KOHETHOU MOCIeA0BATE b
HOCTBIO GYKB, TpOGENoB, 3HAKOB NPeNHHAHWA H T.11.),
CYETHO; TO K€ CaMOe MOXKHO CKa3aTh O MHOXKECTBe
(BCcex MBICITHMBIX) KOMIBIOTEPHBIX TPOTPAMM H T. 1.
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o Yucsio HA3BIBAIOT a42e6paunecKuM, eciid OHO ABIAAETCA
KOPHEM HEHYJIeBOI'O MHOT'OYJIeHa € IeIbIMH Ko3(hhu-
mHeHTaMi. MHOXeCTBO airebpanvdecKux IHCeT CHET-
HO, TaK KaK MHOT'OY/IEHOB CIYETHOE YHCAO (MHOTOMIAEH
3318 TCA KOHETHOU TOCIe0BATENHLHOCTHIO TEdbIX i~
cel — ero KoahhHIMEHTOB), a KaX/JBIH MHOTOWIeH
HMeeT KOHEYHOe YHCA0 KOpHeH (He Godee n U MHO-
COWIEHOB CTENEHH 7).

e MuoxecTBo nepmogmveckux Apobel caéTno. B camom
nede, Takad Apobb MOXKeT OLITL 3alncaHa KaK KOHed-
Hasd TTOCAeIOBATEILHOCTH CHMBOJIOB N3 KOHEYHOT'O MHO-
xecTBa (3anaTas, qudpsl, ckobKH); HATpUMep, Apo6hH
0,16666. .. Mmoxno 3amucars kak 0,1(6). A Takux mno-
CJIelOBATENLHOCTEN CIETHOE MHOXKECTBO.

31. JokaxwuTe, 9TO I1060€ CEMENCTBO HEMEPECEKAIOIINXCA HH-
TepBajoB Ha IPSAMOH KOHETHO Wil CIETHO. ( YKasaHHe: B KaXJoM
HETepBaje HalAEéTCA panvoHaJbHAA TOYIKA. )

32. (a) JokaxwuTe, 9TO M060€ MHOXECTBO HEMEPECEKAIONTAX-
Cfl BOCBMEPOK Ha ILNIOCKOCTH KOHEYHO Wi CIeTHO. (Bockmeép-
Ka — o0belmHEHNE IBYX KaCAIOIIHXCA OKPYXHOCTEH JIOOHX pas-
MepoB.) (6) CdopMy/mpyliTe H HOKaXHTe aHAIOTHIHOE yTBED-
X aerve Iiasa 6yks « T».

33. [JokaxwuTe, 9TO MHOXECTBO TO9YEK CTPOTOr0 JOKATbHO-
0 MaKCEMyMa 10608 GYHKIAN JeHCTBATEILHOIO apr'yMeHTa KO-
HEYHO WiH CIETHO.

34. [fokaxwuTe, 9TO MHOXECTBO TOYEK Da3pHiBa HeyOHIBAIO-
mer GYHKOUE IeHCTBHTEILHOIO apryMeHTa KOHEIHO KM CIET-
HO.

Teopema 3. Ecau mHO)ecTBO A GeckoHeMHO, 8 MHOXKeCT-
BO B KOHe4HO WIH CYETHO, To obbemunenue A ) B pasHo-
MotHo A.

<1 MoxHo cunrarh, 4T0 B He nmepecekaercd ¢ A (mepe-
ceveHHe MOXKHO BHIODOCHTEL W3 B, ocTaHeTcd TO-TIpeXKHEMY
KOHEYHOE HIH CIETHOE MHOKECTBO).

Boigenum B A cuérhoe nmoaMHoxecTBo P; ocTaTok 060-
aHaguM depe3 (). Torga mam mago gokasath, uro B + P +
+ @ pasuomornmo P+ Q) (aHaK + cuMBoaH3UpYeT oOBeqHHE-
HHe Hellepecekaromuxcs MuoxecTs). [lockoabky B+ P u P
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06a CYETHBLI, MEX Y HUMH CYIIECTBYET B3aMMHO OJHO3HAY-
HOe cooTBeTCcTBHE. KT 0 JerKo TpogoaKUuTh IO COOTBETCTBHS
Mexy B+ P+Q u P+ Q (kaxjblil 5JeMeHT MHOXeCTBa
COOTBETCTBYET caM cebe). [>

35. IIpuMennTE 5TY KOHCTPYKIHIO W ABHO YKaXHTE COOTBET-
cTBEE MeXxJy oTpe3koM [0, 1] m moxymuTepBaioM [0, 1).

36. Teopema 3 mokaswiBaeT, 9TO HOo6aBieHHe CIETHOT'O MHO-
XKeCcTBa K 6ECKOHEIHOMY HE MEHMAET ero MOIIHOCTH. MoXHO jm
CKa3aTh TO Xe camoe nipo yaanerune? okaxwre, 910 ecim A Gec-
KOHEYHO W He SBIAETCA CIETHHIM, a B KomewHO mim c9é€THO, TO
A\ B pasromomso B.

37. Hemenkwmu martemarwk P. JefekwHI NpemoXHa TaKoe
ompejeneRne 6eCKOHETHOI0 MHOXECTBA: MHOXECTBO 6€CKOHETHO,
€Cili OHO PABHOMOIIHO HEKOTOPOMY CBOEMY MOAMHOXECTBY, HE
COBIIa AIOIEMY CO BCEM MHOXECTBOM. [loKaXnTe, 9T0 YKa3aHHOE
JleleKAHEIOM CBOMCTBO AEHCTBHTEILHO OMPEAEIAET GECKOHETHBIE
MHOX€CTBa.

JobaBiisas KoHeHbIE HIH CIETHBIE MHOXKECTBA, JerKO Mo-
HATBb, 9TO MpsAMasd, BCe TPOMEXKYTKH Ha TIPAMOH (OTpe3KH,
HHTEPBABL, IOy HHTEPBAIL), Iy i, HX KOHEYHBIE HIH CIET-
Hble OOBeHHEHNUA U T. 1. PABHOMOIIIHBL APYT APYTY.

38. YkaxmWTe B3aWMHO OJHO3HATHOE COOTBETCTBHE MEXTY
muoxectsoMm [0,1] U[2,3]U[4,5]U... u orpeskom [0, 1].

39. [JokaxwuTe, 9TO MHOXECTBO BCEX NPAMHIX HA MIOCKOCTH
PaBHOMOIIHO MHOXECTBY BCEX TOYeK Ha ILIOCKOCTH. (YKasaHEE:
¥ TOYKH, ¥ TPAMEE 3aJal0TCA TIapaMy 9Ace] — 3a HeGoIbImMA
HCKJIO9ICHASMI. )

40. JlokaxwuTe, 9TO MOJYIJIOCKOCTH (TOYKH IIOCKOCTH, Je-
Xalllie IO OJHY CTOPOHY OT HEKOTOPOH IIPSMOH) DPaBHOMOILIHA
I0CKOCTH. (DTO BEPHO HE3ABHCHMO OT TOI'0, BKIKOIaeM MHL I'Da-
HENYHY0 IPAMYIO B NOLYILIOCKOCTE WIF HET.)

Teopema 4. Orpesok [0, 1] paBHOMOILIEH MHOXKECTBY BCex
BECKOHETHBIX TTOCASOBATENLHOCTEH HYJeH W e[HHHII.

< B camom gene, kaxgoe uuciao ¢ € [0,1] sanuceiBa-
eTcs B Bujge GeckoHedHol apomdHon Apobu. llepBoii 3HaK
arol apobu pased 0 win 1 B 3aBHCHMOCTH OT TOT'O, TONA-
JaeT AW YHCIO T B JEBYIO WIH MPaBYIO TOJOBHHY OTPE3Ka.
Yro6bl OlpeeuTh CAeyIONIHi 3HAK, Ha 0 BEIOPAHHYIO MO-
JOBHHY TOMNEANTH CHOBA TIOTOMAM W MOCMOTPETh, KyJa Mo-
mageT T, | T. 1.



20 Muoaceemea v mownocmy [ra. 1]

ITo XKe COOTBETCTBHE MOKHO OIHCATH B APYTYIO CTOPO-
HY: MOCJAeJOBATENBHOCTH LoZL1Z32 ... COOTBETCTBYET YHCIO,
ABJAAIONIEECH CYMMOH PAIa

G e

2 4 8
(B TOM OCTPOEHHH MBI HCHIOAB3Y€EM HEKOTOPBIE (haKThl 13
MaTEMATHIECKOT' O AHAMN3a, 9TO He ¥ IUBHTENHLHO — HAC WH-
TepPeCYIOT CBOUCTBA JA€HCTBHTEABHBIX IHCE. )

Onucadioe COOTBETCTBHE TOKA 9TO HE COBCEM BIaHM-
HO OJIHO3HAYHO: JBOMYHO-PalHOHANbHBE dicaa (Apo6H BH-
na m/2%) umeror aBa Tpencrabienus. Hampumep, wucio
3/8 mMoxno zanucarh kak B Buge 0,011000. .., Tak u B Buge
0,010111... CooTBeTCTBHE CTAHET B3AWMHO OJAHO3HATHDLIM,
ecan oTGpocHTh Apobu ¢ eguHunei B mepuoge. Ho Taxux
Apobell CYETHOE YHCIO, TIO3TOMY HAa MOIIHOCTL DTO He TO-
BJIAAET. [>

41. Kakas gBom<nas gpo6b cooTBeTCTByeT amciy 1/37

B sTOoM fokazaTenbcTBEe MOXKHO OBLIO GBI MCIIONBIOBATH
GoJiee TIPUBBIYHBIE JAeCATHYIHBIE APOOH BMECTO [BOWYHHIX.
Toayuunaock 661, 4ro orpesok [0, 1] paBHOMOILIEH MHOKECTBY
Bcex OeCKOHeIHBIX mocaenoBaTenbuocTern mumdp 0,1,...,9.
Yro6bl MepeUTH OTCIOAa K TMOCASJOBATENILHOCTAM HYJICH
W eJMHAL], MOXHO BOCIHOJB3OBATHLCA TPHEMOM, OIMHCAHHBIM
Ha c. 14.

Temepb BCE TOTOBO IS JOKA3ATENLCTBA TAKOTO Y HBH-
TeABLHOT O (hakTa:

Teopema 5. KBajapaT (co BHyTPEHHOCTBIO) PABHOMOIIEH
OTPE3KY.

<1 KBaapar pasuomotuen muoxectsy [0,1] x [0,1] nap
NENCTBUTENBHBIX THCET, KAk JO€ M3 KOTOPHIX JEXUT HA OT-
peake [0, 1] (meTox koopguraaT). MBI yiKe 3HAEM, 9TO BMECTO
qHCcen Ha OTPE3Ke MOXKHO NOBOPUTH O TIOCIEOBATETHLHOCTAX
myaei W eguani. OcTanoch 3aMeTHTh, ITO Mape MOCIe[oBa-
TeILHOCTEH HydeH W efuunr {LoZiL2...,YoY1Y2...) MOX-
HO TIOCTABHTH B COOTBETCTBHE IOCIEOBATEIHLHOCTH-CMECH
ToYoT1Y1L2Y2 ... W ITO 3TO COOTBETCTBHE OyAeT BIaUMHO
OJMHO3HAYHBIM. [>
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2TOoT pe3yabTaT OBLT modydeH B 1877 rogy HeMeOmKmM MaTe-
matukom ['eoprom KérTopoM m yameBma ero caMoro, mOCKOJBKY
IIPOTHBOPEYA/ HETYATHBHOMY OIIYIIEHNIO ¢pa3sMepHOCTH» (KBa-
IpaT IBYMEPEH, IOTOMY BpoJe OBl TOIXKEH cogepXaThb 6oiblle
TO9eK, €M OFHOMEPHHE 0Tpe30K ). BoT aro KarTop nncan [exe-
xkmEZy (20 mions 1877 roga), 06Ccyx fas BOIPOC O PaBEOMOIHOCTH
IPOCTPAHCTB Pa3HOI'o 9IHCJIa W3MepeHHN: «Kak MHe KaxeTcd, Ha
9TOT BONIPOC CIEeAyeT OTBETHTEH YTBEPAUTEIHLHO, XOTA Ha NMPOTH-
XEeHNN pAJa JeT A IPHIePXKUBAJICA TPOTHBOIOJIOXHOTO MHEHHAY.

B oamom m3 orBeTHBIX mmceM [lemexkwHjx oTMedaeT, 9TO pe-
symbrar KanTopa He JmiaeT CMBICIa IOHATHAE Pa3MEPHOCTH, IIO-
CKOJIFKY MOXHO PacCMaTPHBAaTH JHIIH HEIPEPHBHEEE B 06€ CTOPO-
HEL COOTBETCTBHSA, H TOl'Ja NPOCTPAHCTBA Pa3HOH Pa3MEPHOCTH
MOXHO 6yJeT pa3iuanTh. JTa FHIOTE3a OKA3aloCh BEPHOH, XOTA
HEe TaKOW MPOCTOW; MEPBHIE MOMBITKH €€ 10Ka3aTh, B TOM 9HCIE
oxHa w3 craTer KamTopa, coflepXaii OUMOKH, B TOJBKO CIIyCTA
TPHANATE JeT FOMIaHACKAH MaTeMaTrK JI. Bpaysp man npaswib-
HOE I0Ka3aTelbCTBO. BrpodgeM, oTCyTCTBHE HepepHEBHOIO B 06e
CTODOHH COOTBETCTBHUA MeXIY OTPE3KOM H KBaTpaTOM JI0Ka3aTh
HECJ0XHO; TPYJHOCTH HAYWHAIOTCA B GOJBIIMX pa3MePHOCTSX.
(3aMeTEM TakXe, 9TO CyLWIECTBYeT HEIPEPHIBHOE OTOOpaXkeHHe
OTpe3Ka B KBaJpaT, KOTOpOe MPOXOINT depe3 J00yIo TOIKY KBa-
apata. OHO HasHBaeTCsa «KpuBOH Ileano.)

W3 TeopeMbl b KO MOAYIATH MHOT'O IPYTHX Y TBEPHK Ie-
HHHU PO PABHOMOIIHOCTD T'eOMETPHIECKHX OGBEKTOB: KPYD
PaBHOMOIIIEH OKPYXHOCTH, IpAMas paBHOMOIIHA IWIOCKOCTH
" T. 1.

Mox)HO TakkKe 3aMeTHTh, 9TO HPOCTPAHCTBO (TOYKH
KOTOPOTO 3aJal0oTCA TpeMs KoOpAuHaTaMu (z,y, z)) paBHO-
MOIIIHO INIOCKOCTH (Hal0 3aKOAUpOBATH Hapy (,Yy) ONHHM
IHCJIOM), H, CAeJOBATEIBHO, MPAMOH. To e caMoe MOXKHO
npoAeaTh W A TPOCTPAHCTB SOMbIIEH Pa3MEPHOCTH.

42, JlokaxuTe, 9TO MHOXECTBO BCEX KOHEIHHIX ITOCTEJOBa-
TETPHOCTEH JeHCTBATEIHBIX 9HCeI PABEOMOIEHO R (MHEOXeCTBY
BCEX NEHCTBHTEBHBIX TIHCET).

43. JlokaxmnTe, 9TO MHOXECTBO BCEX GECKOHETHHIX MOCJENO0-
BaTeIbHOCTEH JEHCTBATEILHHIX IHCE] PaBEOMOLTHO RR.

OTMeTHM, 9TO MBI IOKA HE YMeeM JIOKA3bIBATH, ITO MHO-
HKECTBO [NEHCTBHTEABHBIX YHCEN (HIH MHOXeCTBO GeCKOHEY-
HBIX [OCAEJOBATENLHOCTEN HyJAeH W eJHHHI) HECYETHO. DTO
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6yneT ciaenano B pasngene 1.6.

MoimocTh MHOKECTBA JeHCTBATENBHBIX THCEN HA3BIBa-
0T MOUHOCTLIO KONMuKyyMma (OT TATHHCKOTO CIOBa, O3Ha-
FAOIEro ¢HEMPEPHIBHBINY; HMEeTCA B BHAY, YTO TOYKA Ha
OTpe3Ke MOXKET HENPEPHIBHO JABUTATHCA OT OJHOTO KOHIA K

Apyromy).

1.5. Teopema KaHTopa— bepHwTeitna

Onpegenenne paBHOMOIIHOCTH YTOYHAET HHTYATHBHYIO
HIEI0 O MHOXeCTBaX «OJUHAKOBOI'O paszMepar. A kak ¢op-
MaJIbHO OTPEJENUThb, KOT' /Ja OJJHO MHOXKeCTBO «BoJbliley apy-
roro?

T'oBopaT, yTo MHOXKecTBO A no mowmocmu He boavue
MHOXeCcTBa B, ecli OHO paBHOMOIIIHO HEKOTOPOMY IO JMHO-
HKeCcTBY MHOXecTBa B (BoaMoxHo, camomy B).

44. HeKTO TpEI0XHAI TaKOe ONpe/ieJieHre: MHOXECTBO A mMe-
€T CTPOr'0 MEHBIIYIO MOIIHOCTE, I€M MHOXECTBO B, ecitn 0HO pas-
HOMOIITHO HEKOTOPOH JacTH MHOXeCTBa B, He COBHaalolIeR CO
BceM B. IlogeMmy sTo ompegenermne Heygaano? (Ykazamme. Ilomy-
JSPHBIE PACCKA3H O TEOPHHA MHOXECTB 9acTO HA9NHAIOTCSA C TaKo-
T'o mapajoKca, Bocxofsamero K [amieo. Kaknx aucen 6ompine —
BCeX HATypalbHHIX 9HCE] WM TOIHHX KBaapaTos? C ogHOH CTO-
POHBEI, TOYHHE KBaJpPaThl COCTABJIAIOT JHIb HeGOMBIIYIO JacThb
HATYPaJibHHIX THCET; C APYrOH CTOPOHB WX MOXHO IOCTaBHTH
BO B3aHMHO OJHO3HAYHOE COOTBETCTBHE CO BCEMH HATYPAIbHEI-
ME 9HCIaMH. )

OrHomene «uMeTh He GOJBLIIYIO MOITHOCTLY O6JajaeT
MHOI'MMH €CTECTBEHHLIMA CBOMCTBAMM:

e Ecim A u B paBHoMOIIHEL, TO A HMeeT He GOILIIYIO
MolHOCTD, 4eM B. (O4eBugno.)

o Ecim A umeer He Goabllyilo MOINHOCTH, WeM B, a
B umeer He Goablyo MomHOCTh, YeM C, To A umMe-
eT He GOJBIIYI0 MOMHOCTE, deM C. (Toxe HecaoxHO.
Ilycts A HaxoguwTcs BO B3aMMHO OJHOIHAYHOM CO-
orsercTBun ¢ B’ C B, a B HaxoguTca BO B3aUMHO
oanosnadnoM coorsercreuu ¢ C' C C. Torga npu
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BTOPOM COOTBeTCTBHH B’ COOTBETCTByeT HEKOTOPO-
my muaoxectBy C” C C' C C, kak nokasano Ha puc. 1,
u moromy A pasromornno C”.)

Puc. 1. TpaH3uTHBHOCTL CpaBHEHHA MOIIHOCTEH

o Ecim A umeer He Goabllyilo MOINHOCTH, WeM B, a
B umeeT He GOJBIIYIO MOITHOCTD, 9eM A, TO oHH paB-
HOMOIIHBL. (DTO BOBCe He OYEBHHOE YTBEDXKJEHHE
cocTaBiseT cojlepxanne TeopeMbl KanaTopa— Bepn-
MITEHHA, KOTOPYIO MBI celuac JOKaKeM.)

o /las moberx aByx muoxecTs A m B BepHo (x0T 6b)
OJIHO U3 ABYX: JH60 A MMeeT He GOJBIIYIO MOITHOCTD,
geM B, 6o B nMeeT He GOJBIIYIO MOIIHOCTD, 9eM A.
(MToxazaTenbcTBo 3Toro dakTa TpebyeT Tak HazbIBae-
MOI «TpaHC(hHHATHON HHAYKIHHY; cM. pazfer 2.6, Te-
opema 25.)

Teopema 6 (KanTopa— BepHwTeitna). Ecin muoxecrso A
PABHOMOILIHO HEKOTOPOMY MOJMHOXKECTBY MHOXecTBa B, a
B paBHOMOIIHO HEKOTODPOMY MOJIMHOKECTBY MHOXKecTBa A,
TO MHOXKecTBa A U B paBHOMOIIHDI.

< Ilycrs A paBHOMOIIHO TOAMHOXKecTBY Bi MuOXe-
crBa B, a B paBHOMOIIHO NoAMHOXKecTBY A MHOXKecTBa A
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Puc. 2.

(cM. puc. 2). Tlpu B3aHMHO OJHO3HAYHOM COOTBETCTBHH
Mexay B u A; nogmuoxecrso By C B nepexoquT B HEKOTO-
poe noagmHoxecTBo Az C A1. Ilpm 5ToM Bce Tpu MHOXeCTBa,
A, By m Ay paBHOMONIHBI, — W HYXHO AOKa3aTb, 9TO OHH
PaBHOMOITHBEI MHOKeCTBY B, min, 9To To Xe camoe, Aj.

Tenepb MBI MOXeEM 3a0BITH TPO MHOKECTBO B H ero moj-
MHOXKECTBa W [JOKa3hIBaTh TAKOH (PakT:

(Mlas epuHOOGpaA3NA MBI ToBOpHM Ag BMecTo A.)

Ilycte f — (yHKIHNA, OCYIIECTBAAIONIAA B3AHMHO Of[HO-
3Ha4YHOE coOTBeTCTBHE Ag — Ag (3neMenT z € Ap cooTBeT-
crByeT aaemenTy f(z) € As). Korga Ap nepexomur B Az,
MeEHbIIlee MHOKECTBO Aj IEPEXOANT B KAKOE-TO MHOXKECT-
Bo As C Az (cM. puc. 3). AramoruaHeiM o6pazoM camo A
nepexoAuT B HeKoTopoe MHoxecTBo Ay C As. Ilpm sTom
Ay C Az, Tak kak Ay C As.

Ilpogonxasa Ty KOHCTPYKIMIO, MBI TTONyJaeM yObIBAIO-
LIYI0 TIOCHEJOBATENBHOCTE MHOXKECTB

ecmtn As C Ay C Ay m Az paBEOoMmomuO Ay, TO Bce TpH
MHOXECTBa PaBHOMOIHEL

Ay DA DA DA3 DAL D ...

W B3aMMHO ofjHO3Ha4HOe cooTBeTcTBHe f: Ay — Az, npu
KoTOpoM A; cooTBeTcTBYeT A;j42 (HHODJA HTO 3AMUCHIBAIOT
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Puc. 3.

Tak: f(A;) = Aitz). PopMansbHO MOXHO ommcaTh Az, Kak
MHOKECTBO TEX DJEMEHTOB, KOTOPbIE TIONyqaloTCa M3 KaKo-
ro-To BiaeMeHTa MHOXecTBa Ay Mocie n-KpaTHOTO IpHMe-
wennsa ¢ynkunn f. AnasormaHbiM o6pazoM Az, 41 cocTouT
W3 TeX W TOJBKO TEX BJEMEHTOB, KOTODHIE MOAYYaloTCA H3
KaKOT'0-TO SJeMeHTa MHOXecTBa A Tocde n-KpaTHOrO NpH-
MeHeHus pynkumn f.

SaMeTnM, 9TO NepecedeHHe BCceX MHOXecTB A; BHoaHe
MOXET 6LITH HETLYCTO: OHO COCTOHT U3 TeX JIeMEHTOB, y KO-
TOPBIX MOKHO CKOJIBKO yTofHO pa3 6paTh f-mpoo6pas. Te-
nepb MOXHO CKa3aTh TaK: MHOXecTBo Ay MBI pa3bmim Ha
Henepecekatonecs ciaou C; = A; \ Aip1 ¥ Ha cepaueBuny

C:niAi'
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Caou Cy, Ca, Ca, ... paBHoMomnHb! (byHKIHA f ocy-
MIECTBAACT B3aMMHO OHO3Ha9HOe cooTBeTcTBHEe MeXxay Co
u Ca, Mexgy Co u Cy 1. 11.):

co-H o Lo Ly

To xe caMoe MOKHO CKA3aTh PO CJIOH ¢ HEIETHHIMH HOMe-
paMu:

o-Hos Lo L

MoxHo emgé oTMeTHTh (4TO, BIpOYeM, He MOHANOOHTCH),
gTo dynknua f Ha MHoxecTBe (' OCYIIECTBIAET €ro me-
pecTaHOBKy (B3aHMHO OJJHO3HAYHOE COOTBETCTBHE C CAMHM
cob0it).

Tenepb JeTKo MOHATH, KaK MOCTPONUTH B3aUMHO OfHO-
3HAYHOE COOTBeTCTBHe g Mekay Ag u Ay. llyers z € Ag.
Torja cOOTBETCTBYIOIIHH €My 3JAeMeHT g(Z) CTpOUTCH Tak:
g(z) = f(z) npu z € Cox n g(z) =  npu z € Cagy1 nam
z € C (cm. puc. 4). >

Ay = Co + C4 + C + C3 + C4 + --- + C
Ay = Ci + G + C3 + Cy + - + C
Puc. 4.

HUcTtoprs aToi TeopeMsl (HasbiBaeMol Takxke TeopeMon I1Ipé-
Zepa— Beprirreiina) Takosa. Kantop dopmympyetr eé 6e3 go-
KazaTeabCcTBa B 1883 roay, obemas: «K sTomy s emé BepHyChH B
oIHOH Gojiee TIO3[HEN paboTe H TOTa BHIABIIIO CBOEOOPa3HHIN WH-
Tepec 3ToH 061en TeopeMely. O 1HAKO >TOro 06elanms OH HE BHI-
[IOJHAT, B IePBHe NoKa3aTelbCTBa 6bum fausl [Ipénepom (1896)
= Beprurreitaom (1897). Kak suaro ms pabot m mrcem KarTopa,
OH mpejnoJarail JOKa3HBaTh Ty TEOPEMY OJHOBDEMEHHO C BO3-
MOXHOCTHIO CPaBHHATH TI00HE JBa MHOXeCTBa (cM. pasger 2.6,
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TeopeMa 25), HO KaK EMEHHO — OCTa€TCa HemOHATHHM. (Pabo-
TH KamTopa mo Teopmz MEOXECTB H ero NEChMa IepeBejleEH Ha
PYCCKHH #3HK [4]; BCe MITATH JAIOTCA IO 3TOMY H3JaHHIO. )

Teopema Kanropa— Bepuireiina 3Ha4uTelbHO YIIPOIIa-
eT J0Ka3aTelbCTBAa PABHOMOIITHOCTH: HAIPUMED, €CIH MBI
XOTHM J[OKa3aTh, 9To 6y6IWK | 1Iap B TPOCTPAHCTBE paBHO-
MOIIIHBI, TO JOCTATOYHO 3aMEeTHTDL, 9TO W3 6yO6IHKa MOKHO
BHIPE3aTh MaJeHbKHII AP (TOMOTETHIHBIH GOMBIIIOMY ), a 13
mapa — MaJdeHbLKHN Oy6auK.

45. IlocMoTprTe Ha IpHBeJEEHEE BHILE 3aJa<TH, e Tpe6GoBa-
JI0Ch JOKa3aTh PaBHOMOIIHOCTE, B y6eJHTeCh, 9T0 BO MHOIHX H3
HAX IpuMeHeHEne TeopeMH KarTopa— Beprmrrerna crmbao yopo-
aeT eio.

46. [okaxmTe, 9TO BCe TeOMeTPHIeCKHEe PHIYPH, COepXka-
e XOoTA 6B KyCO9eK IPAMOHM WH KPHBOK, PAaBHOMOIIHH.

47. JokaxnTe, 9TO eCi KBaJpaT pa3bUT Ha IBa MHOXECTBA,
TO X0Ta 6B OZHO H3 HEX PaBHOMOLIHO KBajpaTy. (Ykasanme. Ec-
¥ OJHa W3 9acTel COIEePXAUT OTPE30K, TO MOXKHO BOCIIOIB30BaTh-
ca Teopemon KarTopa— Beprmnrenna. Ecim xe, ckaxem, nepsas
9acTh HE COZEPXHT OTPE3KOB, TO B KaX[OM I'OPH30HTAIBLHOM
Ce9eHHN KBajpaTa e€CTh TOYKa BTODOM 9acTH, H CHOBa MOXHO
cociaThca Ha TeopeMy KanTopa— Beprmrenina.)

48. [lokaxmnTe, 9TO €CiM OTPE30OK Pa3bWT Ha ABE 9acTH, TO
XoTs 6 OFHa W3 HHX PAaBHOMOIIHA OTPE3KY.

To ke camoe J0Ka3’aTeAbCTBO MOKHO H3NOKHTEL Gojee
abcTpakTHO (M H3GABHTHCA OT YIOMHHAHHA HATYDATbHBIX
qucen). Hanomuaum, ato f: A — Az ecThb B3aUMHO OfHO-
3HAYHOE COOTBETCTBHE MEXAy MHOXecTBoM A u ero moj-
MHOKecTBOM Ag, a A] — HEKOTOpOe IPOMEXKYTOTHOE MHO-
#kectBo. Hazosém mHoxecTBO X C A «XOPOIITHM», €Cld OHO
coflepxuT A\ Ay ¥ 3aMKHYTO OTHOCHTEIbHO [, T.e.

X D (AN A1) + f(X)

(MBI HCnOAB3yeM 3HAK + IS OOBEHHEHNA, TOCKOIBKY 065
e/[MHAEMBIE MHOXKECTBA 3aBEJOMO He Tlepecekatores). Jlerko
MPOBEPUTDH, UTO NepecedeHne Mio6oro ceMeHcTBa XOPOIIHX
MHOMXKECTB XOpolliee, TIOPTOMY €CJH MBI TIepecedéM Bce XOpo-
e MHOKECTBA, TO TOAYIHM MAHAMAJILHOE TI0 BKATOYEHHTO
xoporree MHOxecTBO. HasoBéM ero M. Jlerko npoBepHTh,
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910 MHOXKecTBO (A \ A1) + f(M) GymeT Xopomum, mo3To-
MY B CHIYy MHHHMAJLHOCTH M BKIIOYEHHE B ONpelelcHHH
XOPOIIIET 0 MHOXKECTBa [IPEBPAIllacTCA B PaBEHCTBO!

M= (A\ A) + £(M).

Tenepb Bcé ToTOBO I ocTpoeHus Guekiuu g: A — Aj.
Odra 6uekiusa coBmagaeT ¢ f BHyTpu M W TOXAecTBeHHA
BHe M.

49. IIposeanTe 3TO pacCyXaeHHE IIOIPOGHO.

IATo paccykjeHne yao6HO MPH MOCTPOSHHH aKCHOMATH-
YeCKOU TeOpHH MHOXECTB, TaK KakK B HEM He HyXHLI HaTy-
padbHble dHcida (KOTOpPBIE CTPOATCA Aateko He cpasy). Ho
1O CYIIECTBY DTO TO Xe caMOe pacCy X deHue, MOCKOIbKY M
ectb CoUC2 U...

Tenepn, umesa B BUAY Teopemy Kanropa-— Beprirreiina,
BEPHEMCA K BONPOCY O CpaBHEHWH MollHOcTer. s gaHHbBx
MHOXKeCTB A 1 B TeopeTHYecKH UMEIOTCA YeThIPE BO3IMOXK-
HOCTH:

o A paBHOMOIITHO HeKOTOpOH dacTi B, a B paBHOMOIITHO
HekoTopoil dacTH A. (B 5ToM caydae, Kak MBI 3HaeM,
MHOX€eCTBa PABHOMOIIHBL. )

o A paBHoMoIHO HEKOTOPOU YacTH B, HO B He paBHO-
MoIITHO HHKakol 9acTi A. B sroM caydae roBopaT, 94To
A umeem menvuryro mowHocms, uem B.

e B paBHOMOIIHO HEKOTOpPOH dacTu A, Ho A He paBHO-
MOIIHO HHKakol 9acTn B. B 3ToM cayvae roBopar, 9To
A umeem boavwyro mouppocmy, uem B.

e Hu A ne paBromMompo Hukakod dactu B, uu B ne
PABHOMOIITHO HHKAKOW 9acTH A. DToT ciydall Ha ca-
MOM Jlefle HEBO3MOMKEH, HO MBI 3TOIO TIOKA HE 3HAEM
(cM. paspen 2.6).

50. JokaxwuTe, 9TO CIETHOE MHOXECTBO HMEET MEHBIIYIO
MOIIHOCTH, 9eM I060e HeCIeTHOE.

51. IlpoBeppTe akkypaTHO, 9TO ecii A HMeeT MEHBIUIYIO
MOIITHOCTH, 9eM B, a B mMeeT MeHBIIYIO MOIIHOCTE, deM C, To
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A mMeeT MeEBIIYI0 MOIIHOCTS, 9eM C (TPaE3HTHBHEOCTH CpaBHe-
HESA MOILJHOCTEH).

3aMeTHM, 9TO MBI yXe [OATO TOBOPHM O CpDAaBHEHHH
MOIITHOCTEH, HO BO3AEPKUBAGMCA OT YIOMHHAHHA (MOIIHO-
CTH MHOXECTBAY KaK CAMOCTOATENLHOTO 06BEKTa, & TOABKO
CPaBHHBAEM MOIIHOCTH pa3HBIX MHOXecTB. B mpumniune
MOXHO GBI GBI OMpefeldTh MOIIHOCTL MHOXecTBa A Kak
KJacC BceX MHOXecTB, paBHoMomabix A. Takue kracchbl pis
MHOXKecTB A U B COBIajaloT B TOM H TOJBKO TOM GIyd4ae,
korjla A u B paBHOMOIIHBI, TaK 9TO CJIOBA «HMEOT PABHYIO
MOIIHOCTELY IpHobGpetn 6bl 6yKBalbHLIH cMbIcH. IIpobiaeMa
TYT B TOM, 9TO TaKHX MHOXeCTB (PaBHOMOIIHBIX MHOXKe-
cTBY A) CIHIIKOM MHOT'O, HOCKOIBKY BCE Ha CBETE MOXKET
6BITH WX BJeMeHTaMi. X HACKOABKO MHOT'0, 9T0 06pa3oBaTh
H3 HAX MHOXECTBO 3aTDYJHATEABLHO, 3TO MOXKET MDPHBECTH
K mapajiokcaM (cM. pasnea 1.6, c. 34).

W3 sTOoll cHTyallid ecTh HECKOJbKO BBIXOA0B. CaMblil
NpOCTOH — TO-TIPEKHEMY TOBOPHTL TOALKO O CPABHEHHH
MOIITHOCTEH, HO HE 0 CAMHX MOIMHOCTAX. MOXHO Takke BBe-
CTH TIOHATHE ¢(KIAcCay — TakoH GOJALIIOH COBOKYITHOCTH
OOBEKTOB, 9TO €6 YkKe Helb3Ad CIATAThL DJIEMEHTOM APYTHX
COBOKYTTHOCTEH (¢«eC/H BBl MOHHMAETE, O 4EM A TYT TOI-
Kyto» — nobaBuia 661 CoBa w3 kHKKH 0 Bunau-Tlyxe), u
CYHTATH MOIIHOCTHIO MHOXecTBa A Kiace BCeX MHOXKECTB,
paBuomoinabix A. Emé ogun Boixog — miid Kaxgoro A Bol-
6paTh HEKOTOpOE «CTAHJAPTHOEY MHOKECTBO, PABHOMOII-
moe A, W HA3BATH ero MolHOCTHI0 MHOKecTBa A. O6brdHO
B Ka4eCcTBe CTAHAAPTHONO MHOXKeCTBa 6epyT MUHHMAILHBIN
OpAHHAJ, PABHOMOIIHBIA A, — HO 3T0 OCTPOEHHE YKe Tpe-
GyeT Goaee HOPMATBLHONO (AKCHOMATHYECKOT0) TIOCTPOEHHA
TEOPHH MHOKECTB.

KarTop roeopmi o MourmocTsax Tak (1895): « Mowmocmero mim
KapOUNGabNBLM uucsoM MHOXecTBa M MH HasHBaeM TO obmmee
TOHATHE, KOTOPOE TOXy9aeTCA TPH MOMOIIM HalleH aKTHBHOM
MEICJATEIFHOH Coco6HOCTH W3 M, Korja Mu abcTparupyeMmcs
OT Ka9eCTBa €ro Pa3IWIHHX 3JIEeMEeHTOB 1M W OT TOPAAKAa HX 3a-
gamus. (...) Tak Kak W3 KaXJOro OTHEILHOrO dI€MEHTa 171, KO-
Tla MH OTBJEKaeMCA OT KadeCTBa, MOAyIaeTCA HeKas ,eJrAnna”,
TO caMo KapAWHATHFHOE 9HCJO OKa3HBaeTCA MHOXECTBOM, o6pa-
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30BaHHBIM HCKTIOYHTEILHO U3 €JUHAT, KOTOPOEe CYIIECTBYET KakK
HHTE/EKTyalbHEE 06pa3 BiH KaK NPOeKNHA 3aJaHHOTO MHOXe-
ctBa M B Hall pasyms.

Tak win unade, Mbl 6y eM ynoTpebiaTb obosnadecHue |A|
JUIA MOITHOCTH MHOXeCTBa A X0Td OBl KaK BOIBHOCTH PEYH:
|A| = |B| osnauaer, 4ro mHoKecTBa A 1 B paBHOMOIIHbI;
|A] € |B| osnadaer, 4ro A paBHOMOIUHO HEKOTOPOMY IO
MHOXKecTBY MHOXKecTBa B, a |A| < | B| osnadaer, 4ro A ume-
€T MEeHBIIYIO MOIIHOCTh, 4eM B (cM. c. 28).

1.6. Teopema KaHTopa

Kuraccndecknii mpuMep HepaBHOMOIIHBIX OeCKOHETHBIX
MHOXeCTB (/Jo CHX TOp Takoro NpHMepa y Hac He Gbuiol)
NaéT «aMaroHa’sbHad KOHCTpyknusa KanTopay.

Teopema 7 (KanTopa). MmoxecTBo GeCKOHETHBIX HOCITe-
JOBATEJNLHOCTER HYJEH U €AMHHAL] HECIETHO,

<1 Ilpeamosoxum, 9To oHO c4éTho. Torga Bce mocie-
[OBATEILHOCTH HYJEH W eJHHHI, MOXHO IepeHyMepOBaTh:
g, a1, ... CocraBuM GeckoHedHYI0 BHH3 TabIHIy, CTPOKA-
MH KOTOPOH 6y Iy T Hallll MOCTEf0BATENHLHOCTH:

g = (pp @p1 (02
@1 = @ig @11 @12
2 = 20 @21 Q22

(depes aj; ML 06Go3HaMaeM j-H <WIEH i-H IOCIEJOBATEILHO-
ctH). Temepb PacCMOTPHM TTOCIEN0BATENBHOCTD, 06pa3oBaH-
HYTO CTOAIIAMHA Ha JHATOHAJIH YICHAME (gg, (X11, (X232, - - - ; €6
i-I1 WIeH eCTh i M COBIAJaeT C i-M WIEHOM i-H [OCIef0Ba-
TEILHOCTH. JAMEHHB BCe WIEHBI Ha MPOTHBOIOMOKHDBIE, MbI
MOJIY9IHM TIOCAEJOBATENBHOCTE 3, Y KOTOPOH

Bi =1 — aii,

TaK 9TO MOCAeJOBATEALHOCTL § OTAHIAETCA OT AI060H U3 To-
CIEJOBATENBHOCTEN ; (B IO3UUNH §) W IIOTOMY OTCYTCTBYET
B Tabaure. A MBI IPEATIONOKWIH, ITO TAOIUIA BKIAIOYAET B
ceba Bce moc/IeoBATEIBHOCTH — IIPOTHBOpEYHe. [>
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W3 51Ol TeopeMbl caeflyeT, 9T0 MHOXKecTBO R nelcTBI-
TeNbHBIX 9ucel (KOTOpoe, KaK MBI BH/EIH, PaBHOMOIIHO
MHOXECTBY TOCAEJOBATEABLHOCTEH HYIEH H €/IHHHL]) HECIET-
Ho. B dacTHOCTH, OHO He MOXET COBNAJATH CO CYETHBIM
MHOXKeCTBOM aJjrebpandecKux IUces] W TTOTOMY CYIIeCTBYeT
JNEHCTBATENbHOE YHCIO, He ABIAIONeecs aarebpantdecKum
(He ABAATONIEECH KOPHEM HHKAKOI'O HEHYJIEBOI'O MHOTOYIEHA
€ UeNOYHCAeHHBIME KoadpuinenTamu). Takue dHcaa Ha3hl-
BAIOT MPAHCYECHOCHMMHBLMU.

K momenTy cosgarms KarnTropom Teopmm MHOXeECTB yxe GH-
J0 HW3BECTHO, ITO TaKWe 9HCIa CYIEeCTBYIOT. llepBHIE HpEMep
TaKoro 9HCia MOCTPOoWI B 1844 roay ppaHOy3CcKHH MaTeMaTHK
K. JImysmwms. OH mokasail, 9TO 9HCI0, XOPOLIO IMpHOIHXaeMoe
PanuoHAJLHBEIME, He MOXeT GHTh ajirebpandeckuM (TaKoBO, Ha-
mpEMep, mcio y.(1/10™)). NokasaTemcTso Teopemsr Jlmysm-
1A He O9eHb CJI0XHO, HO BCE-Taku TpebyeT HEKOTODHIX OIEHOK
NOrPEeNIHOCTH NpUGMXeHns; Ha ero ¢doHe JoKa3aTeibCcTBO Kan-
Topa, onyb6IMKOBaHHOe HM B 1874 rony, BHIVIAAAT 9HCTOH BO-
OB PoKycoM. IJTa nybimKamus OBLIa IepBOH pPaboTOH IO Teo-
DHH MHOXECTB; B €€ IIepBOM mHaparpade JOKa3HBaeTCS CIETHOCTH
MHOXeCTBa ajrebpandecKnX 9rcel, a BO BTODOM — HECIETHOCTH
MHOXeCTBa [eHCTBHTEIBEHX dncen. (Obuiee ompeferenne pab-
HOMomHEOoCcTH 6HI0 gaHo KamTopom /mium <@epe3s Tpm roga, on-
HOBPEMEHHO C JOKa3aTeIhCTBOM DaBHOMOIIHOCTH HPOCTPAaHCTB
Pa3HOT'0 9YHClla H3MEPEHHH, 0 KOTOPOM MBI y¥e I'OBOPHIIN. )

OTMeTHM KCTaTH, 9TO B ToM Xe 1874 rogy ¢ppannysckuin Ma-
TemaTuk lII. 9pMuT K0oKa3zan, 9TO OCHOBaHHE HAaTypPAalbHHIX JOr'a-
PEPMOB € TPaHCOEHIEHTHO, a 9€pe3 BOCEMB JeT HEMENKHH Ma-
Tematuk D.Jlmageman gokasanl TPaHCOEHIEHTHOCTH IHCIA W K
TEM CaMHM HEBO3MOXHOCTH KBaJpaTyphl Kpyra.)

B HecKoJAbKHX CAeAYIONIUX 3ajadax Mbl TpeAnogaraeM
M3BECTHBIMH HEKOTOpPHIE HavaJ bHbIE CBEeleHUs H3 Kypca Ma-
TEMATHIECKOTO aHAIH3A.

52, [TokaxwnTe, 9TO AIA BCAKOrO HECIETHOrO MHOXeCTBa A C
C R MOoXHO yKa3aTh TOUKY a, f106as OKPeCTHOCTH KOTODOH Iie-
peceKkaeTcs ¢ A 10 HeCIETHOMY MHOXeCTBY. (Y TBepXeHHe OCTa-
€TCA BEPHBIM, €CIH CIOBa ¢HECIETHOE MHOXECTBO» 3aMEHHTEH Ha
¢MHOX€ECTBO MOLTHOCTH KOHTHHYYMa».)

53. ITokaxmTe, 9T0 M060€ HEMYCTOE 3AMKHYTOE MHOXECTBO
A C R 6e3 H30IMPOBAHAHIX TO9EK HMEET MOITHOCTH KOHTHHYYMa.
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54, IlokaxmuTe, 9TO0 M060€ 3aMKEyYTOE MHOXeCTBO A C R /m-
60 KOHETHO, /MO0 CIETHO, THOGO HMEET MOIIHOCTH KOHTHHYYMA.
(Yxasarmme. PaccmoTprM MEOXecTBo B C A, cocTosee m3 Tex
TO9€K MHOXeCTBa A, B f060H OKPECTHOCTH KOTOPHIX HECIETHO
mHEOrO ApyrEX Touek m3 A. Ecim B mycTo, To A KOHe9HO mWim
caéTHO. Ecim B HemycTo, TO OHO 3aMKHYTO H HE HMEET H30IHPO-
BaHHHIX TO9EK.)

ITa 3aja4a NOKa3bLiBAeT, 9TO A 3aMKHYTLIX I10JMHO-
XKeCTBO [PAMOH BepHa MHIOTe3a KOHTHHYYMAa, YTBEPXK Jai0-
asA, 9To A60e [0 MHOXKECTBO IPAMOI JH60 KOHEYHO, JHO0
c4é€THO, 60 paHoMoinHO R. (KaHnTOp, foKa3aBIIHil 5TOT
daxT, paccMaTpHUBaJd €ro Kak IepBLIA IIar K JoKa3aTellb-
CTBY I'MIIOTE3bl KOHTHHYYMa i 06I1ero cayvas, HO W3 9TO-
[0 HAYEro He BHIIILIO. )

55. V3 mimockocTH BHOPOCHIH IPOW3BOJILHOE CIETHOE MHO-
XKecTBO To9eK. [JoKkaXmnTe, 9TO OCTABIIAACA 9aCTh INIOCKOCTH JH-
HEWHO CBA3HA W, 60jee TOro, J00ke NBe HEBHIOPOIEHEHBIE TOIKH
MOXHO COEJHHNTEH JBYX3BEHHON JOMAHOHW, HE 3aleBalollel BHI-
6pOIIEEHBIX TO9€EK.

Bepuémca k guaroHadbHOH KOHCTPYKUHH. MBI 3HaeM,
YTO MHOKECTBO [OCAeJ0BATEALHOCTEN HYJeH U €JUHIL, paB-
HOMOIIIHO MHOXECTBY TOJMHOXECTB HATYPAaJbHOI'O P
(kaxqOMy TOAMHOKECTBY COOTBETCTBYET €U0 ¢XapaKTepH-
CTHYeCKasA MOCAENOBATEILHOCTDY, Y KOTOPOH €UHHAILL CTO-
AT Ha MecTaX M3 DTOrO MOJMHOXecTBa). IomTOMY MOXKHO
nepedOpMyJHPOBATE 9TY TEOPEMY TaK:

‘ MnuoxecTtBo N He pABHOMOIITHO MHOXKECTBY CBOHX MOJMHO-

JKECTB.

JlokazaTeabcTBO TakKiKe MOXKHO IIIar 3a IIar oM TlepeBecTH Ha
TAKOH ABBIK: MYCTh OHH PABHOMOIIHEI; TOT /A €CTh B3aAUMHO
OHO3HAYHOE COOTBETCTBHE § — A; MeXy HATYpPaJIbHBIMA
qHCAAMA H MMOJAMHOXKEeCTBAMH HATYpPaJbLHOTO pAga. Jmaro-
HaJbHas MOCHAE[OBATENBHOCTD B 9THX TEPMHHAX TIpe/ICTaBIA-
eT co60H MHOXKECTBO TeX 1, M KOTOPHIX 1 € A;, a mociego-
BaTeAbHOCTDL 3, OTCYTCTBOBABINAA B MEPETHCIEHHH, TEeph
Gyner ero gononuenneMm (B = {i | i ¢ A;}).

IIpu 5TOM oKaabIBaeTCA HECYIIECTBEHHBIM, YTO Mbl HMe-
eM JIeJIO ¢ HATYPAJIbHBIM PAJJOM, W MBI TIPHXOJHM K TaKOMY
YTBEpPXK NeHHIO!
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Teopema 8 (obwas dopmynuposka Teopembl KanTopa).
Huxakoe mHOM)ecTBo X He DPABHOMOIIHO MHOXECTBY BCEX
CBOHWX TIO/IMHOM€ECTB.

<] llycth ¢ — B3aMMHO OJHO3HAYHOE COOTBETCTBHE
Mexay X u MHOKecTBoM P(X) BceX NOJMHOXKECTB MHO-
xectBa X. PaccmoTpuM Te saemenThl £ € X, KOTOpHIE
He TPWHATERKAT COOTBETCTBYIOIIEMY WM IIOMHOXKECTBY.
IycTts Z — 06pa3oBaHHOE HMH MHOMXECTBO!

Z={zeX|z¢p)

JlokaxeM, 9TO IOJMHOKECTBO 7 HE COOTBETCTBYET HUKAKO-
My saeMeHTy MHOXecTBa X . IlycTh 510 He Tak U 2 = ¢(z)
Il HEKOTOporo aieMmenTa z € X. Torga

reZ0zdp(r)o2¢

(mepBoe — 1O MOCTPOEHHIO MHOXECTBA 7, BTOPOE — TIO
apegnonokeHnio ¢(z) = Z). loay4deHHOE TPOTHBOPETHE O-
Ka3blBaeT, 94T0 Z AeHCTBUTENLHO HUYEMY HEe COOTBETCTBYET,
TaK ITO ( He B3aUMHO OJHO3HATHO. [>

C apyrou, cropoHbl, awo6oe MHOXecTBO X DPaBHOMOIII-
HO HeKOTOpoH 4acTi MHOXecTBa P(X). B camoMm gere, Ka-
HKAOMY 3JeMeHTY £ € X MOXHO MOCTaBUTH B COOTBETCTBHE
opHozeMenTHOe ogmuoKecTBo {z}. IlosToMy, BenoMuHas
olpejlelleHHe CPaBHEHHs MHOXeCTB 1o MoiaocTH (c. 28),
MOXHO CKa3aTh, YTO MOIITHOCTh MHOXecTBa X BCerja MeHb-
e MoltHocTH MHOKecTBa P(X)

56. [okaxmre, 9T0 1 < 2" maf BCeX HATYpPaibHHIX 1N =
=0,1,2,...

B o6men ¢popmymposke Teopema 8 mosBifgeTca B paboTe
KarmTopa 1890/91 roga. Bmecto nogmuoxects KarTop rosopur
0 PyEKIHAX, TPpHEAMAaOEX 3Hadernns 0 u 1.

Ha camom fese MBI yXe OpUOJU3MANCH K OINACHOH I'pa-
HHIlEe, KOT'/[a HAJIAHBIE TIPECTABACHNA O MHOXKEeCTBaX TIPH-
BOJAT K NMPOTHBOpeduto. B caMoM jene, paccMOTpHM MHO-
JKeCTBO BceX MHOXKecTB U, dleMeHTaAMH KOTOPOI'O SABJIAIOT-
¢ Bce MHOXecTBa. Torjga, B 4acTHOCTH, BCe TTOAMHOKECTBA
MHOXecTBa U 6yayT ero saementamu, u P(U) C U, [aro
HEBO3MOKHO Mo TeopeMe KaHTopa.
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ITo paccyXeHHe MOXKHO Pa3BepHYTHb, BCIIOMHHB [NOKa-
3aTeTbCTBO TeopeMbl KaHTopa — TOAYYIHTCA TaK HalbIBae-
MbBId mapafokc Paccena. BoT kak ero o6bI9H0 H3Aaraior.

THNMAIHbIe MHOXKECTBA He ABIAIOTCA CBOUMH 3JeMeHTa-
mu. CkaxeM, MHOXKeCTBO HATYPaAbHLIX ducen N caMo He
ABAAETCS HATYPATbLHBIM THCIOM W MOTOMY He 6yIeT CBOAM
anemenToM. OQHAKO B MPUHIAIIE MOXHO cebe MpeJcTaBHTh
H MHOXECTBO, KOTODOE ABIAAETCA CBOMM SJIEMEHTOM (Hanpu-
Méep, MHOX€eCTBO Bcex MHOXKecTB). HasoBéM Takne MHOXKe-
CTBa «HeOOLITHLIMHY. PaccMOTDHM Teneph MHOMXKECTBO BCEX
OOBIYHBIX MHOXKecTB. BygeT au oo o6braabiM? Ecian ono
06LITHOE, TO OHO ABIAETCA CBOHM eMeHTOM H IOTOMY He-
ob6nriHoe, n Haobopor. Kak xe Tak?

MomdunupoBaiHas BepCHA DTOTO TApaJoKca TaKoBa:
6ylleM Ha3LIBATL NMpHIAraTedbHOE CAMOITPUMEHUMBIM, €ClIH
oHO obrafaeT OMUCHIBaeMbIM cBolicTBoM. Hanpumep, npuaa-
raTeabHOE ¢PYCCKHH» CAMOIPHMEHHMO, a NpHIaraTelbHoe
«CAWHAHBINY HeT. JIpyrol mpuMep: NmpuiaraTeibHOe «TPEx-
CAOXKHBIMY CAMOIPUMEHHUMO, a ¢JBYCIOXHLIY HeT. Temepb
Bompoc: GyAeT U NpHIAraTeIbHOE (HeCAMOTIPUMEHHMBIHY
camonpuMeHAMbM? (JI1060H OTBET OYEBHAHO NPHBOJUT K
IPOTHBOPETHIO. )

Orciofa Hefaleko N0 MMHPOKO H3BECTHOT'O «IApaNoKca
JKeay, TOBOPAIIETO A JATY», WIH J0 WCTOPHH O CONJaTe,
KOTOPBIH NOMXKeH ObLT 6PUTHL BCEX COAAAT OJHONW ¢ HAM Ha-
CTH, KTO He 6peeTcs caM W T.1I.

Boappamasach kK TEOpHH MHOKECTB, MBI 00643aHbLI aTh Ce-
6e OTYET B TOM, YTO ILIOXOTO GLIO B PAcCy X JeHHAX, TTPH-
BeIIIAX K Tapajokcy Paccena. Bompoc »ToT maiexko He mpo-
CTOMH, W ero 06Cy K JeHHe aKTHBHO IO BCIO TEPBYIO TTOAOBH-
ay 20-ro Bexka. UToru 3Toro obcyxqennsa MpHOIUIATETHHO
MOXKHO c(hOpMyTUPOBATH TAK:

o IlomaTne MHOXKecTBa He ABAAETCA HETOCPEACTBEHHO
OYEBHJHBIM; DasHble JIOAH (M Hay<dHble TPaJHIHH)
MOT'YT TIOHMMATh €r'0 Io-Pa3HOMY.

¢ MHoxecTBa — CIHIIKOM a.6CTpa.KTHbIe 0OBEKTH A
TOTO, 9TOOLI BOIIpOC ¢a 4YTO Ha CaMOM ,qeﬂe?» nmMeda
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cvoeica. Hampumep, B paboTe KanTopa 1878 roga 6bi-
aa chOpPMyITHpPOBAHA KOHMUNHYYM-2UNOMESE: BCAKOE
MOMHOXKECTBO OTpe3Ka AUB0 KOHEHHO, JHGO CHETHO,
au60 PABHOMOIIHO BceMy OTpesky. (/Ipyrumu cioBa-
MM, MEXIY CIETHHIMH MHOXKECTBAMH W MHOXECTBAMH
MOIIIHOCTH KOHTHHYYM HET MPOMEXKYTOYHBIX MOIIHO-
creit). KaHTop Hammcal, 9T0 9TO MOXET OBITH J0O-
Ka3aHoO ¢C TIOMOIIBI0 HEKOTOPOTO MeTO[a WHIYKIINH,
B M3JIOXKEHWEe KOTOPOro MBI He OyleM BXOAUTH 3[eCh
moapobHeey, HO Ha CaMOM [leJie [OKa3aTh BTO eMy He
yaanock. Boaee Toro, mocTeneHHo CTAJdO ACHO, UTO
YTBepKJeHne KOHTHHYYM-THUIOTE3BI MOKHO CIATATH
HCTHHHBIM WM JOXHBIM, — TIPH 3TOM ITOJYYal0TCA
pa3Hble TEOPHH MHOMXKECTB, HO B OOIIEM-TO HHA OfHA W3
STHUX TEOPHUH He Jydllle APYLOH.

TyT ecTh HEKOTOpasA aHAJOTUA C HEEBKJIH JOBOH MeoMe-
Tpuel. MBI MOXeM CINTATH «IATHN NOCTYAaT EBKIH-
Aay (depe3 MaHHYIO TOYKY MPOXOAHT He Golee ONHOM
pPAMOH, TapalIelbHOH JaHHOH) HeTHHABIM. Torna no-
JYIHTCA TEOMETPHA, Ha3bIBacMad eBKJINJOBOH. A MoXk-
HO TIPHHATL B Ka4deCcTBE AKCHOMBI [TPOTHBOIIOIOKHOE
yTBep leHHe: 9epe3 HEKOTOPYIO TOYKY MOXKHO TIPpOBe-
CTH /iBE Pa3HYIHBLIE TIPAMBIE, MapajielbHble HEKOTO-
poit mpamon. Torga monydmTcd HeeBKAWJAOBA TeOMe-
Tpus. [OTMeTHM, KeTaTH, pacnpocTpaHéHHOe 3abiy-
K JIeHre: TI09eMy-TO IIMPOKHe Macchl MHCATEAeN O HAY-
Ke W jlaXe OT/elbHble MATEMAaTHKH B MAHYTHI 3aTMe-
Huil (cM. craThio B Bectanke Axanemun Hayk, mocsa-
WEHHyo 6HIe JJo6adeBCKOro) CIATAIOT, ITO B He-
€BKJIWI0BON T'€OMETPHH NAapaJiledbHbIE TIPAMBIE TIepe-
CeKaloTCA. JTO He TaK — NapaiielbHble IPAMbIe U B
EBKJAWI0BON, 1 B HEEBKJHAOBON T€OMETPHH OIIPEIeA-
I0TCA KAK [pAMbIe, KOTOPbIE He epeceKaroTes.

Bonpoc o ToM, eBKIH0OBA MAH HEEBKIHJIOBA TeoMe-
TPpHUA NpaBHJIbHA «Ha caMOM JieJiey, ecia BoobIle uMeeT
CMBICJI, He ABAAETCA MaTeMaTHYeCKUM — ckopee 06
3TOM cleflyeT CIpallliBaTh (uankoB. K Teopun MHO-
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HKECTB TO OTHOCHTCA B eIl GoJbINeH CTeleHn, W pa3Be
1o Teosorusa (KaHTop HeofHOKpaTHO O6GCyXAal BO-
MIPOCHl TEOPHH MHOXEeCTB ¢ NpodrecCHOHATAMU-TEOI0-
ramu) MorJa 6bl B IPHHITAIE IPETEHI0BATH Ha OKOH-
qaTelbHBIH OTBET.

o Ecau MBI XOTHM paccyXAaTh 0 MHOXKeCTBaX, He BIagasa
B NIPOTHBOPEYNs, HYKHO MPOABIATH OCTOPOKHOCTD H
maberaTh ONpefeAEHHBIX BHAOB paccy®jeHui. Beso-
nacHble (1o KpalHHeH Mepe MOKa He MPHBE/IIHE K PO-
THBODEYHIO) MpaBuia OOpAIleHHs €O MHOXECTBAMH
c(hOpMYITHPOBAHBI B AKCHOMATHYECKOW TEODHH MHO-
#ecTB (popmanbHas Teopus ZF, HasBaHHAd B 9ecTh
Iepmeno u Ppenrens). ToGaBuB K 3TOH TEOPHH aK-
cHOMY BBHIGODa, TOAyYaeM TeopHio, HasbiBaemyo ZFC
(choice no-arramiickn — BEIGOP). EcTh U Apyrue, Me-
Hee TIOYJIAPHBIe TeOPHH.

Oanako opMaabHOE TOCTPOEHHE TEOPHH MHOKECTB BhI-
XOJUT 33 paMKH Halllero obcyxgenud. [TopToMy MBI orpann-
quMcs HehOPMATHHBIM OTTHCAHHEM OT'DAHUYCHHH, HAKIA IbI-
BaeMbiX BO H3bexaHWe MPOTHBODEYHH: HEAB3S MPOCTO TaK
paccMoOTpeTh MHOMXKECTBO BCEX MHOMKECTB MIM MHOMXKECTBO
BCEX MHOXKECTB, He ABJIAIOIIMXCA CBOUMH JeMeHTaMH, IO-
CKOJBKY KJIacC MOTEeHIHAJNBHBIX TPETEHAeHTOB CAHIIIKOM ¢He-
0603puM». MHOKecTBa MOKHO CTPOHTDL JHUIIL TTOCTETEHHO.
Hanpumep, MoxHO 06pa3oBaTh MHOKECTBO BCeX IOJMHO-
KeCTB JAHHOT'O MHOXecTBa (axcuosma cmenenu). MoxHo
paccMoOTpeTh MOJAMHOXKECTBO JaHHOIO MHOXecTBa, o6paso-
BaHHOE 3IEMEHTAMH ¢ KAaKHM-TO CBOHCTBOM (axcuoma evide-
aenus). MOXHO paccMOTPeTh MHOXECTBO BCEX BIEMEHTOB,
BXOJANIAX XOTA 6B B OJUH H3 DIEMeHTOB JaHHOI'O MHOXe-
cTBa (akcuosma cysmmst). EcTb 0 Apyrie akKCHOMBL.

Wanaraa cBefleHHA U3 TEOPHUH MHOXKECTB, MBI Oy IeM cTa-
paTheA AEPEKATHCA MOAAIBIIE OT OMACHOH YepPTHI, H yKa3bi-
BaTh Ha ONAcCHOCTb B TeX MecTax, KOT'/[a BOIHMKHET MCKY-
meHne K 3ToH depre NpubananThbes. [loka 9To Takoe MecTo
6BILIIO OTHO: IOTBITKA ONMPEETHTh MOIITHOCTE MHOXKEeCTBa Kak
Kaacc (MHOXKECTBO) BCeX DABHOMOIIHBIX €My MHOXKECTB.
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1.7. Pynkyumn

Jlo cHX TIop MBI CTapaJich OrPaHHIHBATHLCA MEHAMYMOM
cpopmManbHOCTEN M TOBOPHIH O (DYHKIHAX, HX apryMeHTax,
3HAYEHHAX, KOMIIO3UIHHA | T. M. 6€3 MONLITOK AaTh ONpe/e-
gennd oTuX noHaTHi. Cemdac MBI fa MM (popMaabHbIE OMpe-
[eTEHHIA.

IIycrs A u B — apa MHOXecTBa. PaccMoTpuM MHOXKeCT-
BO Beex ylopsagodeHHux map (a,b), raea € Au b€ B. Oro
MHOKECTBO Ha3bIBAETCA 0exapmosbim npouseedenuesm MHO-
xecTB A u B u o6osnaqaerca A x B. (K Bonpocy o Tom, 9o
TaKoe YHOpsJovYeHHas TTapa, MBI ellIé BepHEMcA Ha c. 42.)

JTo6oe moaMuaoxkecTBo R MHOXecTBa A X B nasbiBaeT-
ca omuoweHnuenm Mexay MHoxecTBamm A mw B. Ecm A =
= B, TOBOpAT o 6uxapHom omHowenuu Ha MHOXecTBe A.
HanpuMep, Ha MHOXecTBe HATYpPaJTbHBIX 9HCES MOXKHO pac-
CMOTpeTh GHHAPHOE OTHOIIEHHE (OLITH AeTHTEAEM), OOBIMHO
oboznadaemoe cumBoaoM |. Torga MoxHO B NpUHIMOE OLLAO
61 HammcaTs (2,6) € | u (2,7) ¢ |. O6urano, ogHako, sHak
OTHOIIIEHHA THIIYT MeXy oObekTaMi (HampuMep, 2|6).

57. Bompoc HJif CAMOKOHTDOJIA: OTHOINEHHA ¢GHIThL HeamTe-
JeMy H ¢ [eJHTHCS Ha» — 3TO OJHO H TO Xe OTHOUIEHWE WM pa3-
mnie? (OTBeT: KOHETHO, Pa3sEHE — B YHOPAZOIEHHON Iape IOPS-
JOK CyLIECTBEH.)

Ecsm aprymenTaMn (byHKIUH ABIAIOTCA SAEMEHTHI MHO-
®ecTBa A, a 3HAYCHHAMH — BJIeMEHTHLI MHOXecTBa B, To
MOXHO PacCMOTPEThL OTHOmeHne Mexay A m B, cocTosamee
s map Buga (z, f(z)). o anatoruu ¢ rpaduxamn GyHKIHIT
Ha TWIOCKOCTH TAKOEe MHOXECTBO MOXKHO Ha3BaTh IpahuKoM
dynkumn f. C popMarbHON TOYKH 3peHns, OJHaKO, ¥ j00Hee
He BBOHTL OT/ETHHOTO HEONpPEAeNAeMOro MOHATHA (PYyHK-
[[UH, & BMECTO 9TOrO OTOXKeCTBATH (PYHKIHIO ¢ €€ rpadu-
KOM.

Otromenne F' C A x B HasbiBaetcsa dynryueti uz A s B,
€CJTH OHO HE COIEPXKHT Tap ¢ OJUHAKOBLIM IIEPBLIM JIEHOM H
PasHBIMH BTOPLIMH. [IpYyTrHMH CIOBAMH, 5TO O3HAYAET, ITO
M Kaxjgoro a € A cymecrByer He Goaee ogHoro b € B,
opu xotopoM (a,b) € F.

Te saemMeHTHl @ € A, A KOTOPHIX Takoe b cyllecTByeT,
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obpasyior obaacmby onpedeaenus byuxkuun F. Ona o6osna-
qaeTca Dom F (oT anraumiickoro caosa domain). [lasd mio-
6oro amemenTa @ € Dom F MOXHO ONpPeAeqnTh 2HAUEHUE
dyakumn F' Ha apryMeHTe a (¢B TOYKe a», KAK HHOD/A DOBO-
PAT) KaK TOT €JIHHCTBEHHBIH BeMeHT b € B, mid koToporo
(a,b) € F. OroT seMenT sannceBaioT kak F'(a). Bee Takune
aMeMeHTHl b 06pa3yoT MHoKcecmao 3nauenuti pynkumm F
kKoTopoe obosnataeTca Val F.

Eciu a ¢ Dom F', To roBopaT, 4ro (hyHKUMA He onpede-
Aena Ha d. 3aMeTHM, 9TO IO HallleMy OlpeleleHHio (hyHK-
mna m3 A B B He o6a3aHa OLITH olpefeneHa Ha BCEX BJe-
MeHTaX MHOXecTBa A — eé obracTh onpejeleHHA MOXeT
OBITE MIOOBIM TOAMHOKECTBOM MHOXecTBa A. CnMMeTpmd-
HLIM 06pa30M MHOKECTBO €€ 3HAYeHHH MOXKeT He COBNaJaTh
¢ MHOXKecTBoM B.

Ecsm obnacts onpenedenus pynkuun f w3 A B B cobma-
paet ¢ A, ro numyT f: A — B.

Ipumep: moxcdecmaennas dyuxius idy: A — A nepe-
BOAUT MHOXecTBO A B cebs, npu4éMm id(a) = a aaa moboro
a € A. Ona npegcrasifeT coGol MHOXKeCTBO Tap BHja {4, a)
nasg Beex a € A. (Mageke A B id4 WHODfA OMyCKAOT, eCan
ACHO, 0 KAKOM MHOXKECTBE HIAET pedb.)

Komnozuyueti aByx ynkmun f: A > Bug: B - C
HasbBaioT ¢yukmmo h: A — C, onpefel€HHyIo cOOTHOIIIe-
auweM h(z) = g(f(z)). Apyrumu crosamu, h npegcrabiseT
co60ll MHOXECTBO TIap

{(a,c) | {a,b) € f u (b,c) € g qua HexoTOpPOTO b € B}

Kommosumusa dyakumii obosHadaeTca g o f (MBI, Kak H B
OOABILIMHCTBE KHUT, THIIEM CIpaBa (QYHKIHIO, KOTOPasd NpH-
MeHAETCA TEPBOH).

OueBuHO, KOMIO3NIHA (Kak omepalusa Hajg GpyHKIHAME)
accoluaTHBHA, TO ecTh ho (f o g) = (ho f) o g, mosTOMY B
KOMIIO3ULIUH HECKOJABKHUX MOAPA] UAYIIUX pyHKIUH MOKHO
OIYCKATh CKOOKH.

Ilycte f: A — B. Ipoo6pasosn noguuoxectsa B’ C B
HA3LIBAETCA MHOXKECTBO BCeX ieMeHTOB £ € A, pis koro-
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puix f(z) € B'. Ono o6osnagaerca f~1(B'):
F'(B)={zeA|f(z) € B'}.

Obpazom muoxecrBa A’ C A HazbiBaeTCs MHOXKECTBO BCex
sHadeHni (PyHKIWH f Ha Bcex aIeMeHTax MHoxecTBa A’.
Ono oboanagaerca f(A'):

fA)={f(a) |lac A} =
= {be B |{a,b) € f gua nekoroporo a € A'}.
Crporo rosopd, obosnadenne f(A’') Moxer npuBecTH K TIy-
Tanune (OJHM M Te XKe KPYTJble cCKOOKH yIOTpebasioTcs
W A 3HaYeHuA (bYHKUWUM, W 44 o6pa3a MHOXKECTBa), HO

O6BLIMHO ACHO, YTO WMeeTCA B BUAY.
58. Kakwe w3 cregyommx paBeHCTB BEPHHI?

FA'NA") = f(A") 0 F(AY);
FA'UA") = F(A) U F(AY);
FA\A") = FA)\ F(AY);
7B nB")=Y(B)n 7 (B");
f7Y(B'UB") = ;7Y (B usTY(B");
FTHB'\B"y="Y(B)\ 171(B");
FTHF(AN) C A
FTHF(AN) D A
f(F74(B")) c B';
f(f74(B") > B;
(g0 F)(A) = g(F(A));
(go H)THC) =g (C));
(3zecs f: A—> B,g:B—>C, A A" CA, B ,B"CB,C'CC.)
Huorga BMecTo (ByHKIUU OBOPAT 06 OTOOpaKeHHAX
(peaepBUpysA TepMHH «bYHKIHAY AIA OTOOpaKeHHH ¢ 9H-
CJOBBIMHA apryMeHTaMH W 3HadeHHAMH). MBI He GygeM cTpo-

ro NMPHAEPKHUBATHCA TAKHX Pa3IWuddil, ynoTpebiss ciaoBa
«oTobpaxenuney W «pPYHKIIHAY KaK CHHOHUMBI.
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Dynkmusa f: A — B HasblBaeTcAd UHBEKMUGHOU, WIH
UHBERYUEL, WIH 68A40MCEHUEM, €CIU OHA TIEPEBOJUT pa3HbIe
2JEeMeHTHL B pasHble, TO ecTh ecan f(a1) # f(a2) npu pas-
JUYHBIX @1 W G3.

Dynkmusa f: A — B Ha3bBaeTCsA cOpbeKMueHot, Win
cropvexyuetl, WIH HAA0NCEHUEM, €CITH MHOKECTBO €€ 3Hade-
Huil ecTh Bcé B. (MHOrga Takie GpyHKUNH HA3BIBAIOT OMO-
6panxcenuany na B.)

ITH ABa onpejeieHns 6ojee CAMMETPUYHLL, Y€M MOXET
[IOKa3aThCA Ha IePBLIM B3MVIA[, KaK IOKa3biBaloT TaKHe 3a-
JTadm:

59. Jokaxwure, 9To byEknusa f: A — B sBasercs BiIoXeHH-
€M TOrjJla B TOIBKO TOrja, KOrjla OHa HMEET J4E€6YK 06PAmHYy0
dyskmmio g: B — A, To ecTth dyEKIHIO ¢, A1A KOTOpOoH g o f =
=ida. [Jokaxwnre, 9T0 dynkumsa f: A — B sBaseTcs HajJoXeHHA-
€M TOrjfla H TOIBKO TOr[a, KOrJa OHA WMEET NPGcyio 06pamuyw
dyskmmo g: B — A, aas xoropon fo g =idp.

60. Joxaxwure, 9To byuknusa f: A — B spiagercsa BioXeHHeM
TOrJa W TOJBKO TOr'Ja, KOrja Ha He€ MOXHO COKpAallaTh CJeBa:
m3 paBeHcTBa f 0 g1 = f o g2 cieAyeT paBeHCTBO g1 = g2 (#as
AI06HX GYHKIOHE g1, g2, 061aCTH 3HA9EHAH KOTOPHX COAEPXATCA
B A). lokaxwure, 910 dyEknus f: A — B apaserca HaloxenneM
TOrJja H TOJBKO TOTJa, KOrja Ha Heé MOXHO COKDAlllaTh CIIpaBa:
#3 paBeHCTBa g1 © f = g2 o f cieAyeT paBeHCTBO g1 = g2 (mus
mobHX GYHKIHH g1, g2, 061acTh ONpeleleHns KOTOPHX ecTh B).

Orobpaxenne (pyakuna) f: A = B, KoTopoe ofHOBpe-
MEHHO ABIAETCA HHBEKIHEH H CIODBEKIHeH (BIOKEHHEM W
HAJIOKEHHEM), Ha3blBaeTCA Guexyueti, WIM B3aHMHO OJHO-
3HAYHBIM COOTBETCTBHEM.

Ecsm f — 6ueknus, To cylmecTByeT obpamuas pyHKINA
fY, mna xoropoit fl(y) =z & f(z) =y.

61. MoryT /m g1 HekoTopol GyHKINE JieBad | IpaBas o6paT-
HEIE CyNIeCTBOBATE, HO OHTH Pa3MmIHb?

Hanmomuum, 910 MHOXecTBa A m B paBHOMOITHBI, €CAH
cymectByeT 6uekuma f: A — B. B xkakoM ciy4ae cymecTBy-
eT uHBeKUuA (Broxenne) f: A — B? Jlerko moHATH, 9TO
BJIOXKEHHE ABIAETCA B3AHMHO OJHO3HATHLIM COOTBETCTBHEM
MEXAY A M HEKOTOPHIM MOAMHOKECTBOM MHOXecTBa B, mo-
3TOMY TaKoe BIOXKEHHE CYIIECTBYET TOTJla H TOJBLKO TOTAa,
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Korjla B B ecTh MOAMHOXeECTBO, paBHOMOIIHOe A, T.e. Ko-
r/la MOIITHOCTH A He TpeBocXoauT MoIHOCTH B (B cMbicie
olpejlelleHIs, TaHHOTO B pa3fene 1.5).

YyTh MeHee OYEBHEH JPYTOH Pe3yJAbTaT: HAJOKEHHE
A wa B cyiiecTByeT TOTJa W TOABKO TOTJA, KOTJa MOII-
HoCTH B He npeBocxoquT MomHoCTH A.

B camom gene, nycTh mHamoxenue f: A — B cyiecTBy-
er. Jlna xkaxgoro sgementa b € B maigérca xorsa 66l 0fuH
saeMeHT @ € A, nas koroporo f(a) = b. Beibpas mo ogaOoMy
TAKOMY 2JEMEHTY, MBI OJTy9HM TIoaMHaoxecTBo A’ C A, xo-
TOpPOE HAXOATCA BO B3AUMHO OJHO3HATHOM COOTBETCTBUH C
MHO¥ecTBOM B. (371ech CHOBa HCIIOAB3YeTCA aKCHOMA BHIGO-
pa, 0 KOTOpPOH MbI T'OBOpPHAH Ha ¢. 16.)

B o6paTHylo cTopony: ecan kKakoe-To mogMHoxecTBo A’
MHOXecTBa A paBHOMOIITHO MHOXKeCTBY B 1 uMmeercsa 6GHek-
mua g: A’ — B, To nanoxenue A Ha B MOXHO IOAyIUTh, J0-
olIpe/ieauB 5Ty GHEKIIHIO Ha 3JAeMeHTax BHe A’ KakuM yronHo
obpazomMm.

62. Hatigrre onmbKy B 5TOM paccy X JeHHHN, He 9HTad Jajblle.

Ha camMoMm pere Takoe TIpOJOTHKEHHEe BO3IMOKHO, TOJBLKO
ecd B HemycTo, Tak YTO TIPaBAJLHOE YTBepXKJAeHHE 3BY-
9UT Tak: Hadoxenwe A Ha B cymecTByeT TOJBKO U TOABKO
TOTJIa, Kor'jla B HemycTo W paBHOMOIIIHO HEKOTOPOMY TIOJ-
MHOXKecTBY A, Win korja 06a MHOKECTBA MYCTHL.

B HammeM H3ioXeHHH OCTAéTCA el OfHH He BIOJHe Mo-
HATHBIA MOMEHT: 9T0 Takoe «ymopsnodennas napas? Hedop-
MaJbHO T'0BOpd, 5TO criocob u3 nByx obbekTOB T U Y obpa-
30BaTb OJUH OGBEKT (&, y), IPHIEM 5TOT cnocob obragaeT
TaKHM CBOUCTBOM:

(1, 0n) = (x2,y2) © T1=zT2m Y1 =Y.

B npuHOmne, MOXHO TaK W CIATATh MOHATHE YIODHIOYEH-
HOH TIaphbl HeolpeJelaeMbIM, a 3TO CBOMCTBO — aKCHOMOM.
Opnako npu (opMalTbHOM MOCTPOEHHH TEOPHH MHOXECTB
YAO6HO HCIIOAB30BATH TPIOK, IIPHIYMaHHBI MOJLCKIM MaTe-
maTikoM KypaToBcknM, H H36eXaTh MOABACHHAA OTAEILHOIO
HOHATHA yTopsaaodeHaon mapbl. (Hanomaum, aro {z} 06o-
3HaYaeT MHOXKECTBO, eJUHCTBEHHLIM 3JIEMEHTOM KOTOPOTO
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ABagercs z, a {z,y} o6o3HAIAET MHOKECTBO, KOTOPOE CO-
MEPKUT T W Y W He COJEPKUT APYTHX BIeMeHTOB. TeM ca-
wint {2, 5} = {2} = {y}, ecnn 2 = y.)

Teopema 9 (Ynopspouennas napa no KypaTtosckomy). Om-
pegemnm (x,y) kax {{z}, {z,y}}. Torga BunorneHo ykasan-
HO€ BBIIIIE CBOHCTBO:

(1, n) = (x2,y2) © T1 =2 M Y1 = Yo.

< Oycrs (®1, 1) = (x2, y2). Ilo onpegerenmo 510 o3Ha-
9aeT, 9TO

{{z1}, {z1, 1} = {{=z2}, {22, 921}

Tenepb HyXHO aKKypaTHO pa3obpaTh ciydan (He myTas mpu
aToM z ¢ {z}). DTo yAo6HO NenaTh B CAeAYIOMEM ODAIKE.
Ilycrh cuagdaaa x1 # y1. Torga muoxkecrso {z1,y1} cocro-
WT W3 [BYX 21eMeHTOB. Pa3 oHO IpuHa AIeXHT JeBOH 9acTH
paBeHCTBa, TO TPUHANIEXHT W NPaBOH. SHAYAT, OHO paB-
HO aubo {z2}, b0 {z2,y2}. IlepBoe HeBO3MOKHO, TaK Kak
[BYX3JEeMEHTHOE MHOXECTBO HE MOXKET OBLITh PaBHO OJHO-
sunementHoMy. Suadur, {z1,y1} = {z9,y2}. C apyron cro-
POHBI, OJHORIEMEHTHOE MHOKecTBO {X1} NpUHALIEKUT de-
BOH 9aCTH PaBEHCTBA, MOITOMY OHO MIPHHAIEAKHT H TPABOH,
i moToMy paBHO {z2} (IOCKOABbKY He MOXeT GBITH PaBHO
AByxaremenTHOMY). OTCIofa 1 = T2 W ¥ = Ya, ITO H Tpe-
6oBavOCH.

Anajorn4no MoxHo paszobpaTh CUMMETPHYHLIA CIyYal,
KOrZa T2 # Ya.

OcTajoch paccMOTPeTh CHTYAIHIO, KOT/la £1 = Y] U Lo =
= y2. B oToM cayuae {z1,y1} = {1} u noromy aesas 4acTnb
AaHHOrO HaM paBencTBa ecthb {{z1}}. AHasorudnbiv 06pa-
30M, IipaBasd ero 4acTb ecth {{zs}}, n noromy 1 = zs, Tak
9TO Bce 9ETHIPE 2MeMeHTa 1, T2, Y, Y2 COBIANAIOT. [>

3aMeTHM, 9TO BO3MOXKHBI W JAPYTHe ONPE/IeTeHNs YO
PAAOYEHHON Taphl, AdA KOTOPHIX AHAJOTHIHOE YTBEDXe-
HHe BEpHO, TaK 9TO HHKAKOTO «pHIOCOPCKOro CMBICIar B
9TOM ONpejeJeHHH HET — HTO TPOCTO YAOOHBIH TeXHHYe-
CKHI IIDHEM.
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63. lokaxmnTe yTBepXdeHHEe TeOpeMH 9 I ynopsdouvennod

napes no Buwepy: (z,y) = {{2,{z}}, {{y}}}.

1.8. Onepauun Hap MowHOCTAMM

MomHoCTH KOHEIHBIX MHOKECTB — HaTypalbHbIe THCAA,
W UX MOXKHO CKJIaBIBAThH, YMHOXATh, BO3BOJANTE B CTETEHD.
OTH ollepalii MOXHO 0606IMTL U Ha MOIIHOCTH GeCKOHeY-
HBLIX MHOXECTB, H [|eJaeTca 3TO TaK.

IIycre A 1 B — apa MHoXecTBa. dTOOLI CIOXKHTL HX
MOIIIHOCTH, Ha 0 B3ATH MOIIHOCTL MHOxecTBa A U B, ecan
A u B ne nepecekarorca. Ecan onm nepecekatorcs, To WX Ha-
/1O 3aMeHUTh Ha HellepeceKaolnecs PaBHOMOITHBIE HM MHO-
wectBa A’ m B'. MommuocTh o6befunenns n 6ygeT cymmor
MollIHOCTel MHOXecTB A n B.

3ameuanns. 1. Yrobbl mabexaTh yIOMHHAHWA MOIIHO-
CTell KaK CaMOCTOATEIbHLIX OOBEKTOB, CJAEAYET CIATATH
BBIpazKeHne «MOITHOCTH MHoxkecTBa ' ecTh cyMMa MOIIHO-
creil MHOKecTB A W By HAHOMATHYECKAM BhIpaKeHneM (a
CKa3aHHOe BhIllle — ero onpefederneM). Ho Mbr mis yao6-
cTBa OyeM 9acTo NMpeHebperaTh TAKAMH MTPEeJoCTOPOXKHO-
CTAMH.

2. B npunnume ciegoBato 66 MPOBEPUTH KOPPEKTHOCTE
9TOrO ONpefedeHnd W JOKa3aTh, 9TO MOIIHOCTH MHOXKECTBA
A’UB’ He 3aBHCAT OT TOT0, KaKie HMEHHO HETIEPECEKATOIIIHE-
ca mHOoKecTBa A’ 1 B’ (paBHOMOIHBE A 1 B) MBI BRIGepeM.
(9o, BupoveM, oueBHIHO. )

3. /1A KOHeYHBIX MHOXECTB MOAydaeTcd OOBIYHOE CJIO-
HKEHHE HATypPadbHbIX THCE.

4. Haxonen, ¢ropMaibHO caefoBajdo ObI €I A0Ka3aThb,
gro Takne A’ 1 B’ MoxHO BHI6paTh. JTO MOXHO CelaTh,
HanpHuMep, Tak: noaoxuM A’ = A x {0} u B’ = B x {1}.

ITocaegnenn npobaeMbl He 6y €T TP ONPeAeIeHHN NPOU3-
gedenus MOIMHOCTEN KaK MOITHOCTH [eKapToBa ITPOH3Be/e-
aua A x B. (Ho ocranbHble 3aMeqaHis OCTAIOTCA B CHIE.)

Tenepb onpegesquM so3eedenue 6 cmenemns. Jlaa sToro
paccMoTpuM (s faHHBX A 1 B) MHOXeCTBO BCexX (byHKITHIT
Buga f: B — A (HanmoMHHM: 9TO O3HAYAET, YTO HX 06IACTD
olpejielleHAs eCTh B, a 061acTh 3HaAYeHHI CONepKUTCA B A).
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D10 MHOKecTBO obosHadaeTca AP u ero MommocTs u 6y ger
pPe3yabLTATOM ONEPAllAH BO3BENEHUA B CTENEHb.

Ecau muoxectBa A u B kOHeYHB U cofjlepkaT a u b 3ie-
MeHTOB cooTBeTcTBenHO, To AP comepxur kak pas a® sue-
MeHTOB. B camom feste, onpepeass dyukmuio f: B — A, Mbr
JOJKHBL OTIPEJeIUTh €€ 3HaYeHHe Ha KaX oM U3 b daeMeH-
TOB. JTO MOXKHO CAeIATh @ COcOBaMH, TaK 9TO MOMyIaeM
Bcero a® BapmaHTOB.

64. Yemy paero 0° cormacHo HaleMy ompeeleHRIO] (OtBeT:
eAWHATE. )

Mpumep. O6oanatdnm depes 2 kKakoe-HHOY b MHOXKECT-
BO W3 JBYX dieMenTos, Hampumep, {0,1}. Yro Takoe 2N?
Ilo onpeaenenuio sTo MuokecTso dyuxuuint f: N — {0,1}.

Takwe (GYyHKIMH — 5TO IO CYIECTBY [OCAEAOBATENLHO-
CTH HyJeHd W eJUHHI], TOALKO BMecTO fofifo ... MBI mHiem
f(0), f(1), f(2),... (PopMarbHO HOCAEAOBATENLHOCTD i€

MEHTOB HEKOTOPOr'o MHOXKecTBa X TaK M ONpelelaeTcad —
kak yHKmua Tana N — X.)

3amerum, aro 2X pasnomommo P(X) (B 9acTHOM cay-
qae X = N Mur 3To okaseiBaan; qua obulero crydas JoKa-
3aTeAbCTBO TAKOE Ke).

OGBI4HBIE CBOHCTBA CNOKEHHA W YMHOMKEHHA (KOMMYTa-
THBHOCTb, ACCOIMATHBHOCTH M JUCTPUOY THBHOCTH) COXpa-
HAIOT CHAY W I apipMeTHKH MOITHOCTEM:

a+b="b+a;
at+(b+ec)=(a+b)+c;
axb="bxa;

ax(bxe)=(axb)xe
(a+b)xe=(axe)+(bxc).

PopManbHO WX caeqyeT IHTATh, W36eTas cAOBa (MOII-
HOCTB? KaK CaMOCTOATENLHOrO O6heKTa: HallpuMep, @ X b =
= b x a osnaqaeT, 9T0 A X B u B X A paBHOMOIUHBI (1 9TO
JETKO TIPOBepUTL: {(z,y) — (y, &) OyJeT BIaHMHO OJHOIHAT-
HBIM COOTBeTCTBHEM MexAy Humu). OcTalbHble CBOHCTBa
[IOKa3BIBAIOTCA CTOMb Xe MpocTo. dyTh clokHee cBOHCTBA,
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BKJIOYAIOIINE BO3BeJeHHe B CTeleHb:
b+e ab % ac;
(ab)® = a® x b%;

(ab)c — abxc.

IpoBepuM neppoe u3 oux. Us gero cocront ABTC? (By-
MeM cqaTaTh, 970 B 1 C He mepecekatores.) Ero snemenTa-
MU ABIAOTCA (PYHKIMH CO 3HAYEHHAMH B A, onpejeséHAbIE
na B4 C. Takas GhyHKIHA COCTOUT W3 ABYX 9acTeH: CBOETO
cyKeHnd Ha B (3HaveHus Ha apryMeHTax u3 B ocrarorcs Te-
MH Je, OCTalbHbIe 0TOPACHIBAIOTCA) U CBOero cyxeHusa Ha C.
TeM caMbIM A Kaxgoro sieMenrta muoxectBa ABTC mur
nony4aem mapy saementon us AP u AC. Dro u 6yger ucko-
MO€e B3aMMHO OJIHO3HA9YHOE COOTBETCTBHE.

C cooTsercTreM Mex 1y MEoKecTBamu (Ax B)¢ u A€ x
x BY wmpr Toxe wacTo crarkmBaemcda. HampmMep, sieMeHT
MHOKecTBa (R X IR)]R ecTh oTobpaxkenne THma R — R x R,
To ecTb KpuBad t — z(t) = (z(t), y(t)) na mrockoctu. Takas
KpHBas 3ajaéTcsa mapoi yuakmui z,y: R — R.

Cootsercraue Mexy (AB)C u ABXC) perpedaercs He-
ckoabko pexe. Daement f € AB*C) gpuserca orobpake-
umeMm B x C — A, To ecThb, B OOBIYHON TEepMHUHOJOTHH,
yHKUHEH ABYX apryMeHToB (HepBbid w3 B, Bropoi us C).
Ecim sadukcnpoBaTh B Hell BTOPOH apryMeHT, TO TIOAY-
gares dyakuua f.: B — A, onpegenéHnas cOOTHONIIEHH-
eM f.(b) = f(b,e) (Tounee, f((b,¢c))). Orobpaxenne ¢ —
> f., npunagaexamee (AP)C, u coorsercTBYyeT BaeMenTy
f e ABxC), (OT4acT cxofHas KOHCTPYKIHA BCTPEYaeTCA
B airebpe, KOTfa MHOIOYAeH OT JBYX MepEMEHHLIX paccMa-
TPHBAIOT KaK MHOTOWIEH OT OfHON MEPEMEHHON ¢ Koa(pdhu-
[HEHTAMH B KOJbIE MHODOMIEHOB OT BTOPOU TEPEMEHHOH. )

MomHoCTh CIETHOTO MHOKECTBA CHMBOJTHYIECKH 0603 Ha-
qaeTcad Ng, MOIIHOCTh KOHTHHYyMa (OTpe3Ka HMIH MHOXKe-
cTBa GECKOHEYHBIX MOCAEJOBATENLHOCTEN HYJAeH W €/[HHHIL)
oboanauaerca ¢. lo onpegerenmo, ¢ = 280,

(EcTecTBeHHBIH BONpOC: KakoB cMbich HHAekca 0 B Rg7
aTo Takoe, ckaxeM, N17 O6brano Ny oboznadaeT HaMMEHD-
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Y10 HECIETHYIO MOIIHOCTE (KaK MBI YBHJUM, TaKas CyIe-
cTByeT). I'HmoTesa KOHTHHYYMa, O KOTOPOH MBI yITOMHHAIH
Ha c. 35, yTBepK AaeT, 910 ¢ = Np.)

HaBecTHBIE HAM CBOUCTBA CHETHBIX MHOXKECTB MOKHO 3a-
MHCATh TAK:

® Ro+n = Ry aaa koHewHOTO 1t (OGBE[HHEHHE CIETHOTO
H KOHEIHOT'O MHOXKECTB CYETHO);

® Ro+ Ro = Ry (o6megunenne ABYX CHYETHBIX MHOXECTB
CIETHO);

® Ro x Rg = Ny (06beauHeHRE CHETHOTO YHMCAA CIETHBIX
MHOX€ECTB CYETHO).

Orcioffa MOXHO HOPMATHHO TOAYIHTH MHOTHE hakThl
MaHUMYAATAAMEA ¢ MolHocTaMA. Hanmpumep, memovka pa-
BEHCTB

¢ x ¢ = 280 x 980 — 9Rot¥a _ g¥o _ ¢

MMOKA3bIBaeT, YTO MpAMad W IJOCKOCTh PABHOMOIIIHHI.
AHAJOrHIHBIM 06pa3IoM,

CND — (QND)ND — 2NDXND — 2Nn —

65. O6bAcEATEe MOAPOGHO BHKIATKY:
cte=1xc+lxe=2xc=2" x2% =20 =% —
66. IIposeprTe, 910 Np X ¢ =¢.

ITpuBeaéHHbIe HAMH CBOHCTBA MOIHOCTEH MOAE3HO COode-
TaThb ¢ TeopeMmolnl Kanropa— Bepumreina. Hanpumep, 3ame-
THM, 9TO

c=2% RN g Moo=,

MO3TOMY NOND = ¢ (cTOBaMH: MHOXKECTBO BCeX OeCKOHEH-
HBIX IIOCIEA0BATEILHOCTER HATYPadbHLIX YHCE] HMeeT MOIII-
HOCTH KOHTHHYYMa).

67. Ilocienree paccyxjeHHe HESBHO HCIOIb3YeT MOHOTOH-
HOCTH OllepaIiif BO3BEJEHHS B CTENEHL [ MOLIHOCTeH (ec-
ma; € az, Toal < ag). IIpoBephTe 5TO B aHAIOIHIHEIE CBOUCTBA
Mg APYTHX ollepandil (BIPodYeM, MOYTH OIEBHJHBIE).
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68. YcraHOBHTE SBHOE COOTBETCTBHE MEXAY HOCIEAOBATEIH-
HOCTAME HaTypaJbHHX 9HCe] W NPPaNuoOHAJLHBIME JIHCIaME Ha
otpeske (0,1), ECHOMB3ys menHBE APO6H, TO €CTH JFPOOH BHIA
1/(no +1/(n1 +1/(n2 +...))).

69. IIpoeeprTe, aTo R = 2°. (Hamommmm, 9TO IO Teopeme
KarTopa »Ta MOmEOCTS 60iblile MOIIEOCTH KOHTHHYYMA. )

70. KakoBa MOIIHOCTH MHOXECTBa BCEX HEIPEPHBHHX (DyHK-
OHH C AeHCTBHTEILHBIME apryMeHTaMH H 3HadeHuaMu! Cymie-
CTBEHHA JH 31eCh HEIPEPHBHOCTE !

71. KakoBa MOIIHOCTH MHOXECTBa BCEX MOHOTOHHHX (DyHK-
OHH C AeHCTBATEIFHBIME apTyMEHTaMHA H 3HATEHUAME?

72. MoxeT M CEMEHNCTBO TOJMHOXECTB HATYPAIbHOTO PALa
6EITH HECIETHHIM, eci JI00HE JBa ero dileMeHTa IMeIOT KOHed-
HOe mepecedenre! KOHEIHYI CHMMETDHIECKYIO Pa3HOCTH !

BriocregcTBHE MBI yBHAHM, 9TO [ 6€CKOHEIHLIX MOIII-
HocTel axb = a+b = max(a, b), Ho NOKa HTOrO MBI TOKA3aThH
e mMoxeM. IloaTomy B 3agadax 47, 48 HaM NPHIILIOCH BOC-
MOJTBb30BaTHLCA OOXOAHBEIM MaHEBPOM, YTOOKI JOKa3aTh, ITO
mw a+b=c¢caeayer a = ¢ wan b = ¢. Caegyioiiee yTBep-
X Jenre 0606IIAET STOT IPHEM:

Teopema 10. Eciu muoxecTBo Ay x Ag X -+ - x Ay pazéuro
Ha Hemepecekaformmecs dacTn By, ..., By, To naigércsa Ta-
KO€ 1, [P KOTOPOM MOIIHOCTEL B; He MeHbIlle MomHOCTH A;.

<1 B camMoM fene, paccMOTpPHM NPOEKIHIO MHOMXKECTBa
B, C Ay x...x A, na A;. Ecan xora 65l IpH OgHOM 1
OHa TIOKPLIBaeT A; MoJHOCTBIO, TO BCé fokazano. Ecim Her,
BBIOEpEM JIA KaXkA0T0 { HENOKPBITYIO TOYKYy ;. Habop
(x1,...,zn) He BXOAUT HA B OJHO H3 MHOXecTB B;, uro
MPOTHBOPEYHT TIPEATIONOKEHIIO. [>

3aMeTHM, 9TO B POPMYTHPOBKE 5TONO YTBEPK NeHHA (KO-
TOpOE HHOT{a Ha3bIBalOT TeopeMoil Kénura) rosopurcs o
[IEKapTOBOM ITPON3BeleHNH KOHETIHOT O THCAa MHOKECTB, KO-
TOPOE MOXHO ONPEAeTHTh HHAYKTHBHO (ckaxeM, A X B x
x C' GygeT cocTOATL U3 TPoeK {a, b, ¢), KOTOPLIe CyTh Maphl
({(a, b),c)). lekapTOBO NpOU3BefeHNE CIETHOTO THCIA MHO-
XKeCTB y&Ke Tak He ollpejeanib. Boixog Takoi: Ag X A x As x
X ... (C9€THOE YHCIO COMHOXHTENEH) MOXKHO ONPENEIHTh
KaK MHOXECTBO BCEX TIOCIeN0BATEALHOCTER Qg, a1, A2, ..., ¥
KOTOpHIX @; € A;, TO €CTh KaK MHOXKeCTBO Beex (hyHKIHHA a,
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onpefeaéHHbIX Ha N co 3HaYeHUAME B 06beJHHEHHH BeeX Aj,
npuaéMm a(i) € A; npu Beex 1. [locre Takoro onpegeneHns Te-
opeMa 10 1erko NepeHOCHTCA W HA CYETHHE (a TakXke H Ha
At06bIe) TIPOHIBEICHHA.

IMepexons k orpurtanuaM, Teopemy Kénnra MoxHo cdop-
MYJHPOBATH Tak: ecid mpH Bcex ¢ = 0,1,2... pma MorgHO-
crel a; U b; BoImoaneHo HepapeHcTBO b; < a;, TO

bo+b1+ba+...<agxay Xay x...

Y9uThIBadg, 9TO ¢ X ¢ X ... (CYETHOE MPOU3BECHIE) paB-
HO ¢*%, TO ecTh ¢, MOKHO C(hOPMYIMPOBATE TAKOE CJCCTBHE
TeopeMbl K€HHUra: eciii KOHTHHYYM pasbUT Ha CYETHOE M-
CJIO TIOIMHOXKECTB, TO OJHO U3 HAX UMeeT MOIIHOCTE KOHTH-

HyyMa.
73. JokaxwuTe NOAPOGHO 5TO YTBEPXKACHHE.
74. llycte ap,ai1,a2,... — MOIIHOCTH, IPHIEM a; > 2 Ijd

BCex 1. [lokaxmTe, 9TO
ao+ar+az+...<a Xay Xxaz X...

75. Ilycte mo < m1 < mz2 < ... — BO3pacTamIad OCIeno-
BaTeILHOCTH MOIIHOCTEH. ,Z[OKa)KE{Te, 9TO CyMMa mo +m1+m2+
+ ... He mpeicTaBEMa B BHJE a0 mm I KaKOH MOIIHOCTH 4.



2. YnopsipoyeHHble MHOXeCTBa

2.1. OTHoleHNs 2KBUBANEHTHOCTH K nopsigka

Hamomuum, 4To GHHApPHBIM OTHOLIEHHEM HAa MHOXKECT-
Be X HaswBaeTca moaMmHoxkecTBo R C X x X; BMecTO
(1, z2) € R 9acTo mumyt x1Rxs.

Bunapnoe otHomenne R Ha MHOXecTBe X HasbIBaeTcA
OMHOULEHUEM FKEUBAACHMHOCTM, €CIH BBIIIOJHEHB CJETYIO-
e CBOUCTBA:

o (pedrexcuBrocTh) £ Rz s Beex = € X;
o (cummerpuunocTh) £ Ry = yRz jus Beex z,y € X;

o (TpamsuruBHOCTE) zRy n yRz = z Rz jua mobwIX aae-
MEHTOB Z, Y,z € X.

HNmeeT MecTo caegyioliee O4eBHAHOE, HO 9aCTO HCIOIBIYe-
MoOe yTBepXKjeHne:

Teopema 11. (a) Ecan MuOX)ecTBO X pasbuTo B 06ben-
HEHHWE HellepeceKalolUXcs MO AMHOKECTB, TO OTHOIEHHE «JIe-
KaTh B OJHOM TIOJMHOKECTBEY ABIAETCA OTHOIMICHHEM SKBH-
BAJEHTHOCTH.

(6) Bcskoe OTHOIIEHHE SKBHBAJEHTHOCTH IONYYaeTCs
OIMMCAHHBIM CIOCOB0OM W3 HEKOTOPOTO pa3bHeHns.

<] IlepBoe yTBepk jeHHe COBCEM OYEBHHO; MBI IPHBEEM
JOKA3aTeIBCTBO BTOPOro, YTO6HI 6BII0 BHIHO, Tle HCIOMb-
3YIOTCA BCe MyHKTHI ollpejlefeHls SKBHBajdeHTHOCTH. UTak,
nycTh R — oTHollleHHe 5KBABAJeHTHOCTH. I8 Kaxk 0T 0 3/e-
MeHTa £ € X PACCMOTPHM €r'0O KAACC 3K6USAACHMHOCTY —
MHOXeCTBO Beex y € X, /Ui KoTophiX Bepho zRy.

JlokaxeM, 9TO Aas NBYX DA3JUIHBIX L1, £z TaKHe MHO-
KecTBa TGO He TlepecekaloTes, aubo coBnagaioT. IllycTs oHn
mepeceKaloTes, TO ecTh MMeoT obmmi >aemedT z. Torga
z1Rz m zoRz, otkyna zRzy (cumMmerpudHocTh) U 21 Rz
(TpamsuTHBHOCTB), a TakKe rp Rry (cumMerpuaHocTs). lo-
aTOMy Aaa aroboro z w3 z1 Rz caegyer xRz (TpaH3mTuB-
HOCTB) H Ha0GOPOT.

Ocranoch 3aMeTHTB, 9TO B CHAY pPedIeKCHBHOCTH Ka-
K JBIH DJIEMEHT T TIPHHAIEKHUT 33aBacMOMY UM KJIACCy, TO
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€CTB JeHCTBATENLHO BCE MHOXKecTBO X pasbuTo Ha Helepe-
ceKalollieca KJIacchl. [>

76. IlokaxuTe, 9T0 TpeGOBaHNA CHMMETDHIHOCTH U TPaH-
BHTHBHOCTH MOXHO 3aMeHHTH ogHuM: tRz m yRz = zRy (upm
COXpaHeHAH TPeGOBaHHA PedIeKCHBHOCTH).

77. CkoIbKO Pa3/MIHBIX OTHOLIEHUH 5KBUBAICHTHOCTH CyIle-
cTByeT Ha MHOXectTBe {1,2,3,4,5}7

78. Ha mMHOXecTBe M 3afaHO [IBa OTHOIIECHNS SKBHBAICHTHO-
cTH, 0603Ha9aeMEle ~) K ~2, EMEIOLIHe 111 ¥ 12 KJIaCCOB SKBHBa-
JEETHOCTH COOTBETCTBEHHO. BygeT /m mx mepecedenme & ~ y &
& [(z ~1 y) m (z ~2 y)] oTHOWEEReM 5KBHBaJIeHTHOCTH? CKOIB-
KO y Hero MoxeT GHTH Ki1accoB? UTo MOXHO CKa3aThk PO 06b-
elViHeHNe OTHOIIECHNH?

79. (Teopema Pamces) MHoxecTBO BCeX k-2I€eMEHTHHIX IOJ-
MHOXeCTB 6eCKOHeTIHOI'o MHOXecTBa A pasbmro Ha [ kmaccos (K,
| — HarypampHHe @ncIa). JokaxnTe, 9T0 HalAETCA 6€CKOHETHOE
MuOXecTBO B C A, Bce k-p/eMeHTHBIE IOJMHOXeCTBa KOTOPOL'O
IpHHAJIEXAT OFHOMY KIaccy.

(Ilpm k = 1 310 09eBHAHO: ecim 6eCKOHETHOE MHOXECTBO pa3-
6uTO Ha KOHETHOe IHCIO KIacCOB, TO OJWH H3 KIACCOB GeCKOHe-
wen. IIpm k = 2 m | = 2 yTBepXxeHme MOXHO CHOPMYIHPOBATH
Tak: #3 GeCKOHEeTIHOI'0 MHOXECTBa JIIOJeH MOXHO BHOpaTh 6o
6eCKOHETHO MHOT'O IIOLAapHO 3HAKOMBHIX, /160 GeCKOHeIHO MHO-
r'0 IOIapHO He3HaKOMHX. KOHEYHEII BapHAHT TOI'0 yTBEPXJe-
HHA — O TOM, 9TO CpejW JIOGHX IIEeCTH TIOJeH eCTh MmGo TpH
[OmapHO 3HAKOMHIX, 60 TPH HONApHO HEe3HAKOMEIX, — H3BeCT-
Had 3aja<a JIf UIKOJHHIKOB. )

MHoxkecTBO KIacCcOB SKBHBAJEHTHOCTH HasbBaloT (ax-
Mop-MHoJceECMEoM MHOKecTBa X II0 OTHOIICHHIO DKBHBA-
serrHocTH R. (Ecim oTHOIIEHHE cOTIAcOBAaHO € JOMOMHH-
TeIbHBIMH CTPYKTypaMH Ha X, HofydanoTca GaKTop-Ipym-
bl (PAKTOP-KOJbIA U T. 1.)

OTHolenns 5KBUBAJEHTHOCTH HaM He Pa3 elllé BCTPeTAT-
s, HO CEeHYac Hallla OCHOBHAs TeMa — OTHOIIEHHs IIOpsJKa.

Bunapraoe oTHomenne £ Ha MHOXecTBe X HasbIBaeTcA
OMHOULEHUEM HACTRUNHOZ0 NOPACKA, ECIH BLITOIHEHBl TAKHE
CBOHCTBa!

o (pedrekcuBrOCTb) Z £ & 444 Beex ¢ € X

o (aHTHCHMMeTpHYHOCTh) £ L YNy L £ = ¢ = y A4
Bcex I,y € X;
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o (TpaH3WTHBHOCTE) £ £ yu Yy < 2z = & < z A BCex
r,y,z€ X.

(Caemys TpagUUH, MBI HCTIOAB3YeM CHMBOI £ (a He OyKBY)
KaK 3HaK OTHOIIEHHA MopsAgKa.) MHOXKeCTBO ¢ 3a/jaHHBIM Ha
HEM OTHOIIEHHEM YaCTHIHOT'O NOPAAKA HA3BIBAIOT 4aACMUt-
HO YnOpAJOUEHHBLM.

T'oBopAT, 94TO ABa DieMeHTa X,y JACTHIHO YIIOPAJOTEH-
HOT'O MHOXKECTBa CpasHUuMbl, eCin ¢ < y mwin y < z. 3a-
MeTHM, YTO OlpeeideHHe JaCTHYHOI O NopsAaka He TpebyerT,
49106l J0Oble ABa BIeMeHTa MHOXKecTBa OBLIM CpaBHMMEL.
Jo6aBuBs 3T0 TpeboBaHWe, MBI TIONYIUM OIpefleeHAe AuHet-
Ho20 nopadka (Aunetino Ynopadouennozo MHONCECTEA).

ITpuBeiéM HECKOIBKO IPUMEPOB TaCTHIHBIX MTOPSA JKOB:

o YuciaoBble MHOXKECTBA ¢ OOBLIYHHIM OTHOIIEHHEM TIO-
pAaka (3/ecb TOPAAOK Oy AT JHHEHHBIM).

o Ha muoxecrBe R x R Bcex map JeMCTBUTEILHLIX YH-
ceJ MOXKHO BBECTH 9acTHYIHBIN TIOPAAOK, CIMTafA, ITO
(x1,22) < (y1,y2), ecmm 21 € 22 U Y < Y2. DTOT HO-
pagok yxe He 6y geT auHenHsM: mapsl (0, 1) u (1, 0) me
CpaBHHMBI.

o Ia mMHOXecTBe (PyHKIMI ¢ JeliCTBHTEILHBIMH apry-
MeHTAMH i 3HA9eHHAME MOXHO BBECTH JacTHIHLIN 110
pAIoK, caurad, 9o f £ g, ecin f(z) € g(z) npn Beex
z € R. DTOoT NopsAoK He OyAeT JHHETHBIM.

o Ha MHOXKecTBe HeABIX TOJOKATETHHBIX THCENT MOKHO
OIpeJelUTh NOPAJOK, CUATAA, YTO T £ Y, eCll T Je-
JUT Y. ITOT MOPAJOK TOXe He OyeT JHHEHHBIM.

o OrHomenne ¢i060H IPOCTOR JEINTENL YUCAA T ABIA-
eTcA TaKXe M JeJHTeleM 9ucaa y» He 6yJeT OTHOIIe-
HHeM MOpPAAKa Ha MHOXECTBE HEJNBIX TTOA0KHTENbHBIX
qucen (OHO pedIeKCHBHO W TPAH3UTHBHO, HO He aHTH-
CHMMETDHYHO).

o Ilyctt U — npomaBoabHoe MHOKecTBO. Toraa Ha MHO-
#kectBe P(U) Bcex MOAMHOXECTB MHOXKeCTBa U/ OTHO-
1IeHHe BKIIOYeHHA C OyeT JaCTUIHBIM IODA JKOM.
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Ha 6ykBax pycckoro aadgaBuTa TpaaHIUs ONpeeseT
HEeKOTOPHIH TopsAaoK (a €< 6 € B £ ... £ ). IToT
NOP#A IOK JTUHEEH — TIPO JI00bIe JBe OYKBBI MOKHO CKa-
3aTh, Kakad W3 HUX paHbiie (TIpH HeoGXO0UMOCTH 3a-
TASHYB B CAOBApD).

Ha caoBax pycckoro andaBrTa OpefelcH 4CKCUKO2Pa-
Puneckuiti nops aok (kak B cnoBape). PopMaabHO ONpe-
NEIUTH Mo MOXKHO TaK: el CAOBO T ABIACTCA Hada-
oM cioBa Yy, To ¢ € y (HanmpuMep, KaHT € KaHTOp).
Ecim HE ofHO M3 CJIOB He ABJIAETCA HAYAJIOM APYLOro,
MOCMOTPHM Ha HePBYIO Mo MOPAKY 6YKBY, B KOTODPOU
CJIOBa, OTAMYAIOTCA: TO CAOBO, e 3Ta GyKBa MEHbIIE
B aa]paBHTHOM IIOPAJKE, H 6y JeT MeHbIIe. DTOT IOpA-
MIOK TaKzXKe JuHeeH (MHaTe ITO OBl AeAalH COCTABHTENN
caoBapei?).

OrHomenne pasercTBa ((z € y) © (z = y)) Takxke
ABIAETCA OTHOIIECHUEM YaCTHYHOIO MODAJKA, MA KO-
TOPOr0 HUKAKHE /IBa PA3IHYHbIX JEMEHTa He CPABHH-
MBI

ITpuBeaém Tenepnb 6urToBol MpuMep. IlycTh ecTh MHO-
*®ecTBo X KapTOHHBIX KOpo6oK. BBeiéM Ha HEM mOps-
[OK, CIATadA, ITO T & Y, €CIH Kopobka  IeIHKOM IIo-
MeIaeTcs BHY TP KOPOOKH ¢ (MIH ecid T U § — OflHa
" Ta xe Kopobka). B 3aBucuMocTs oT Habopa kKopoGok
9TOT NOPAMAOK MOKET GbITh HIH He OBITH THHEHHBIM.

Hych T, Y — JEeMEeHTHl YaCTHIHO YIIOPAJOIEHHOT' O MHO-

wectBa X. loBopar, uro z < y, ecmun z L yu ¢ £ y. [las
9TOr0 OTHOIIEHHA BHITIOAHEHB TaKWe CBOHCTBA!

z Lz
(z<y)u(y<z) = z<z

(TTepBoe OYeBHAHO, TPOBEPHM BTOPOE: €CIH Z < Y 0 Y <
<z, ToeTb z LY,z £ Y y<Lz,ytz, 0z 200
TPaH3HTHBHOCTH; €CIH GBI OKA3al0Ch, 9TO £ = Z, TO MBI OB
uMedan £ £ ¥ € £ H HOTOMY Z = ¥ [0 aHTHCHMMETDHIHOCTH,
YTO MPOTHBOPETHT MPEIONOKEHHIO. )
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TepMuHoMOrMHIecKoe 3aMedaHie: MBI YATAEM 3HAK & KakK
«MeHBIIIe WJIH PaBHO», a 3HAK < — KaK (MeHBIIe», HeABHO
npegnoaaras, ITo £ < Y Torja H TOJIbKO TOr4a, Korja & < y
wim z = y. K cuacrbio, 5T0 feicTBATenbHO Tak. EIE oaHO
3aMedaHue: BhIpakeHue £ > y («x Goabllie y») o3HadaeT,
9T0 y < Z, a BHpakeHne z > y («z GOJbINE WIH PABHO Y»)
O3Ha4aeT, ITO Y < T.

80. O6bacHEUTE, MO9eMy He CTOHT 9ATATh T K Y KaK «r He
6osm1ite y».

B HekoTOpPHIX KHIUKKaX OTHOIIEHHE YACTHUIHOT'O TIOPS KA,
onpejeaaeTcd KakK OTHOILeHHe <, ¥AOBJIeTBOPAMIIee IBYM
yKa3aHHBIM CBOHCTBaM. B 5TOM ciydae oTHOmeHHe ¢ < y &
& [(z < y) wm (z = y)] ABAAETCA OTHOIIEHHEM 9ACTHIHOTO
NopAJKa B CMBIC/AEe HAILErO OIpeejeH .

81. IIposeprTe >TO.

Bo u3bexanue MyTaHWIIBI OTHOIIEHHEe < WHOTa Ha3bI-
BafOT OTHOIIIEHHEM CMPo2020 NOPAJKA, a OTHOIIEHWE K —
OTHOIIIEHHEM Hecmpozozo nopadka. OHO H TO XKe acTHIHO
YIOpAJOYeHHOEe MHOMXKECTBO MOMKHO 33a/aBaTh MO-Pa3HOMY:
MOXKHO CHavaJa ONpeeJHTh OTHOIIEHHE HECTPOrOr O MOPA -
ka < (peduiekcnBHOE, AHTHCHMMETPHYIHOE W TPAH3INTHBHOE)
H 3aTeM W3 Hero MoJy9IdTh OTHOIIIEHHE CTPOrOr'o NMopAaaKa <,
a MOXKHO [JeHCTBOBaThL U HAOBOPOT.

82. Onyckaa Tpe6oBaHWe aHTHCHMMETPHIHOCTH B OIpEXeie-
HAF JaCTHYHOI'O MOPSAKA, OMydaeM OIpeleleHne npednopaora.
JlokaxmnTe, 9TO M060H NPEANOPANOK YCTPOEH TaK: MHOXECTBO
IeInTCA Ha HellepeceKalompecs KIacCH, IPH 3TOM T < Y IJIf JI0-
6HIX IBYX DJI€MEHTOB T, ¥ W3 OJHOI'O Kjacca, a Ha dbaKTop-MHO-
XKeCTBe 3ajlaH 9aCTHIHBIN MOPANOK, KOTOPHE H OIPENEIieT pe-
3yJIbTaT CPaBHEHUA ABYX DJIeMEHTOB W3 Pa3HBIX KIacCCOB.

BoT HECKOIBKO KOHCTPYKIMH, HO3BOJAIOIIMX CTPOUTL
OJIHA yNOpPAJOYeHHBIe MHOKECTBA W3 JPYTHX.

o llycte Y — mojMHOXeCTBO YacTHYHO YIODALOIEHHO-
ro mHoxkecTBa (X, ). Torga Ha MaOKecTBe Y BO3HH-
KaeT eCTeCTBEHHLIH YacTHYHBIN MOPAIOK, uHOyyupo-
sanubiti w3 X . PopMajbHO rOBOpH,

(€v) = (N xY).
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Ecau nopsagok va X 661 AHHEHHBIM, TO W WHAYI[HPO-
BaHHBIA MOPAAOK Ha Y, O4eBHAHO, Oy qeT JHHEHHBIM.

IIycts X mw Y — aBa HelepeceKaloUXcsa HacTHIHO
YIOpAJOYeHHBIX MHOXecTBa. lTorga Ha wx oObenu-
HEHWH MOXKHO ONpPEJedUTh TaCTHIHBIA TODAJOK TaK:
BHYTPH Kay/Or0 MHOMXKECTBA DJIEMEHTH CPABHUBAIOT-
¢ Kak paHbile, a Ji060H 3IeMeHT MHOXecTBa X MO
oTIpe/IeIeHHIO MeHbIlie JIo60To dieMenTa Y. JTO MHO-
#KecTBO ecTecTBeHHO o6osnadnTh X + Y. (Iopsagok
6y leT AUHEHHBIM, eClid OH OB TAKOBHIM Ha KaxX oM
M3 MHOMXECTB.)

1o Ke oGo3HAYEHHE NPUMEHAIOT U [ [epeceKao-
muxcs (M faxe cOBIAfaONX MHOXKecTB). HanpuMep,
roBops 06 ynopsaodennom muoxecTse N 4+ N, mbr Ge-
PEM Ui HellepeceKalolMecs KOMWA HATYPAdbHOrO Pii-
na {0,1,2,...} u {0,1,2...} u paccMaTpuBaeM MHO-
xectso {0,1,2,...,0,1,2,...}, npuuém k < [ npu Bcex
k 1 l, a BHyTPH KaxX O KON HOPAJOK OOLIYHLIN.

Iyers (X, <x) u (Y, <y) — ABa yNOp#AJ09eHHBIX MHO-
wecTBa. MoXHO olpefleluTh MOPAJOK Ha TTPOH3BE/e-
U X X Y HeckKoabKumu criocobamu. MoxHO cauTaTh,
ato (1,y1) < (T2, Y2), ecim 21 Lx T2 u Y1 Ly Y2 (m0-
KOOD/JHHATHOE CPaBHEHHE). DTOT TOPAJOK, OJHAKO,
He OyAeT JHHEHHLIM, [aike ecJd HCXONHBIE TOPAJKA 1
OBLIN JTUHENHBIMHA: €CJH TepBad KOOpAHHATa GoJbIle ¥
OJHOI Iapbl, a BTOpasd y APYLOH, KaK UX CPABHUTL?
Y1o6bI NOAYy9IHTH JUHEHHBIN TIOPAI0K, [OTOBOPHUMCH,
Kakas KoopJuHaTa 6yAeT «JaBHOMy U 6yjeM cHadala
CPaBHHMBATh IO HEll, a MOTOM (B clydae PaBEeHCTBA) —
no apyron. Ecan raaBaon canTaTh X -KOOpAWHATY, TO
(x1,1n) < (x2,y2), ecint &1 <x T2 WIK eCIH T1 = T2, &
1 <y y2. OjHako MO TeXHUYECKUM NPUIHHAM Y A06-
HO CYATaTh T[JaBHOW BTOPylo kKoopauHaTy. l'oBopsa
O TIPOM3BEJEHHN JBYX JAWHEHHO YMOPAAOIEHHBIX MHO-
HKECTB KaK O JHHENHO YIIOPAAOIEHHOM MHOKECTBE, MBI
B JaJbHEHIIEM MTO[pa3y MeEBAeM HMEHHO TAKOH MOPSA 0K
(cHavasa cpaBHHBaEM MO BTOPOH KOOD/HHATE).
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83. /llokaxwuTe, 9TO B YaCTHYHO YHIOPALOIEHHOM MHOXe-
crBe N x N (mopafok NIOKOODAWHATHHIH) HET GE€CKOHETHOI'O
OIMHOXECTBa, JI00HEe ABa dieMeHTa KOTOporo Geum GH Hec-
paBHEMH. BepHOo 1 aHamorm9HOe yTBepXAeHne AaA 7 X 77

84. [loKaXHTe aHAIOTHIHOE yTBEpXKIeHHe Iai N* (mopazox
IOKOOP ARHATHHIH ).

85. Ilycte U — KoHe9HOE MHOXECTBO H3 1 aeMeHTOB. Pac-
cmotpuM MuOXecTBo P(U) Bcex mogmuOXecTB MHOXecTBa U,
YIOPAZO9€HHOE IO BKJIOYeHHI0. KakoBa MaKCHMAlbHO BO3MOX-
Hasg MomHOCTs MHOXecTBa S C P(U), ecim mEpynmpoBaEHEIR
Ha S NOpAAOK /MHeeH? eC/ HAKaKWe ABa dJIeMeHTa S He CpaB-
mmmu? (Ykasanmme: cM. 3agadTy 14.)

86. CKOIBKO CylIECTBYET Pa3iH9HHX JHHEHHHEX MOPAIKOB Ha
MHOXECTBE W3 1 DJIeMeHTOB?

87. lokaxwnTe, 9T0 BCAKHN FaCTHIHBIH MOPAAOK Ha KOHETHOM
MHOX€CTBE MOXHO IPOJOIKHTH JO JHHEHHOTO (¢IpOJOMLKATE?
O3HA9aeT, ITO €Cl T § Y B HCXOZHOM LOPSAIKE, TO H B HOBOM
3TO OCTaHETCS TaK).

88. /lano GeckoHe9HOE HaCTHIHO YHOPALOIEHHOE MHOMXECT-
Bo X. JlokaxuTe, 9TO B HEM BCerja HaHAeéTCA Mu60 6eCKOHEIHOe
O MHOXECTBO IONapHO HECPABHUMBIX JJIeMEHTOB, /6o Gecko-
HEIHOE MOAMHOXECTBO, Ha KOTOPOM HHIYIWPOBAHHHKHN IOPIIOK
JIMHEEH.

89. (KomeunbE BapHaHT Hpeablfylied 3agaTn.) [Jans nersie
MOJIOXATEIbHEE IUCIAa M | 1. [[okaxuTe, 9TO BO BCAKOM 9acTHI-
HO YHIOPALOIeHHOM MHOXECTBE MOIIHOCTHE M-+ 1 MOXHO yKa3aTh
mb60o m+1 nonapHO HECPAaBEMMHEIX 3JEMEHTOR, 60 n-+ 1 monapHO
CDaBHAMHX.

90. B cTpouky mammcamsl mn + 1 pasmmaEeix umcea. [Joka-
XWTe, 9TO MOXHO 9acTh W3 HAX BHYEPDKHYTH Tak, 9TO6H ocTa-
s1ack mbo Bo3pacTanmas NoCIeJOBaTeIbHOCTh NIHHH 17 + 1, -
60 yGHIBalOWasg MOCIELOBATEIPHOCT: NHHH 12 + 1. (YkasaHme:
MOXHO BOCIOIB30BaTHCA MPEFHAYINEH 3ajadeH. )

91. PaccMOTpHEM CeMEHCTBO BCEX MOJMHOXECTE HATYPalbHO-
ro pfja, yIOPALOIeHHOe IO BKiiodeEnio. CylecTByeT iH y Hero
JIMHEHHO YHOPAJOIeHHOe (B HHAYNHPOBAaHHOM IOPAJKE) IOACE-
MeHCTBO MOIHOCTH KoRTHHYyM? CylecTByeT jm y HEro mojce-
MEHCTBO MOITHOCTH KOHTHHYYM, JIO0HE IBa dIEMEHTa KOTOPOTO
HECPaBHEMHEI?

OJeMEeHT YacCTHYHO YIIOPAJOYEHHOIO0 MHOMXECTBa Halbl-
BAOT HAuboAbUWLUM, €CH OH HOoJbIle M060r0 APYTOro aje-
MeHTa, H MAKCUMAAbHBIM, €CIIH He CYIIecTByeT GOJbIero
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sjeMenTa. Ecil MHOXeCTBO He ABAAETCA JHHEUHO YIIOPHJ0-
YeHHLIM, TO TO He OJHO W TO Xe: HAUOOJALIIHH DJIEeMEHT
aBTOMATHIECKH ABIAETCA MAKCHMAJILHBIM, HO He Hao60opoT.
(OpHo neno kopobka, B KOTOPYIO MOMeIaeTcs Tobasd Jpy-
ras, Apyroe — kopobka, KoTopasd HUKYAa 6oJabllle He TTOMe-
maeTcs. )

Anajoru4nniM 06pa3zoM ONPENeNdIOTCA HauMeHbuiue 1
MUHUMTADHBLE JITEMEHTHL.

Jlerko moHATL, 9TO HaMOGOJILIIHHA /IeMEHT B JaHHOM 4Ya-
CTUTHO YTOPAJAOIEHHOM MHOXKeCcTBe MOXKeT OLITH TOJAbLKO
ONWUH, B TO BpeMA KaK MaKCHMAaJbHBIX 3JIeMEHTOB MOMKeT
6LITH MHOTO.

92, [lokaxwnTe, 9TO MIO6HE JBa MAKCHMAIbHBIX 3JI€MEHTa HE
cpaBEEMH. [[OKaXxwuTe, 9TO B KOHEIHOM 9YaCTHIHO YHIOPSIAOIEH-
HOM MHOXeCTBe X [JIA JI060T0 dIeMeHTa T HauAETCSA MaKCHMAab-
HEH 3JeMeHT Yy, GOMbIMA Wi PaBHHH T.

2.2. Nzomopduamsl

JIBa 9acTHYIHO YTIOPANOYEHHBLIX MHOXKeCTBa Ha3bIBAIOT-
CA UBOMOPPHBIMU, eClH MeXAY HUMH CYIIECTBYeT U30MOp-
Puzm, To eCcTH BIAHUMHO OJHOZHAYHOE COOTBETCTBHE, COXPa-
Hsaoiee mopAaok. (EcTecTBeHHO, 9TO B BTOM caydae OHH
PaBHOMOIIIHBI KaK MHOXKecTBa.) MoXHO cKasaTh Tak: GHeK-
musa f: A — B HasbiBaeTcs W30MOPOHIMOM 4acTHIHO YIO-
pAAOYeHHBIX MHOXecTB A U B, ecan

a1 € a2 & f(a1) € flaz)

A TIOOBIX 3AeMEHTOB a1, a2 € A (caeBa 3Hak < o6Go3HaYaeT
HOpAJIOK B MHOXecTBe A, cipaBa — B MHOXecTBe B).

OueBHHO, 9TO OTHOIIEHHE H3OMOPMHOCTH pedIeKCHBHO
(xaxqoe MHOXKeCTBO H3OMOPdHO caMoMy cebe), CHMMETDHY-
HO (ecan X m3aomopdHO Y, TO H Ha060pOT) H TPAH3IUTHBHO
(nBa MHOXKeCTBa, H3OMOPMHBIE TPETHEMY, H3OMODMhHBI MEXK-
ay coboti). TakuM o6pa3oM, Bce JacTHIHO YIOPSATOIEHHBIE
MHOXecTBa pa3buBaloTca Ha KJIacchl H3OMOP(MHBIX, KOTOPHIE
Ha3BIBAOT nopadkosvimy munany. (IIpaBaa, Kak U ¢ MoII-
HOCTAMH, TYT HeoOXOqMMa OCTOPOXHOCTE — HM30MOPGhHBIX
MHOXKECTB CJIHIIKOM MHOTI'O, H IIOTOMY I"OBOPHTB O IOPA KO-
BHIX THIIaX KaK MHOXEeCTBaX Helb3f.)
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Teopema 12. Konetunbie THHEHHO YIIOPS JOYMEHHBIE MHOXKE-
CTBa W3 OJHHAKOBOTO YHCIA DJIEMEHTOB H3OMOPQHHI.

<] Konednoe JUHERHO YIOPS JOYEHHOE MHOXKECTBO BCET /A
HMeeT HAHMEHBIIHI SIeMeHT (BO3bMEM M0G0 BIEMEHT; eCTH
OH He HAWMEHBITHH, BO3bMEM MEHBITHH, eCIH W OH He HaW-
MEHBIIHH, eIllé MeHBIITHA — W TaK jajee; TOIyIuM yOhIBato-
mIyio MocaefoBaTeIbHOCTL £ > Y > 2 > ..., KOTOpad paHo
HIH TIO3/{HO jJolxkHa oGopBaThes). [IpHCBONM HaHMEHBIIIEMY
anemenTy HoMep 1. V3 ocTaBIImxcsa cHoBa BHIGEpeM HaMMEHb-
IITHH BAEMEHT W IPUCBOUM eMy HOMep 2 u Tak gadee. Jlerko
MOHATH, YTO MOPAJOK MEXAY DIEMEHTAMH COOTBETCTBYET
MOPAJKY MeXIy HOMEpaMH, TO eCTh 9TO Hallle MHOXKeCTBO
uzomopduo muoxkecrsy {1,2,...,n}. >

93. [JokaXxmTe, 9TO MHOXKECTBO BCeX IEJHX MOMOXATEILHBIX
demaTesel amcia 30 ¢ OTHOIIERHeM «OHTE JeInTeleM» B KadecTBe
OTHOIIEHASA HOPANKa H30MOPMPHO MHOXECTBY BCeX IIOJMHOXKECTB
mHEOXecTBa {a,b, c}, yIOpAZOTeRAOMY TIO BKIIOTEHHIO.

94. Bygem paccMaTpmBaTh (GEHETHHE IIOCIE[OBATEILHOCTH
HaTypalbHHX 9HCET, TO eCTh MOCeJOBATEILHOCTH, ¥ KOTODHX
BCe 9IeHH, KpoMe KOHedHOr'o 9mcia, paBEH 0. Ha mmoxecTse
TaKHX HOCeJOBATeILHOCTEH BBeIEM IIOKOMIIOHEHETHHH TOPAIOK:
(ao,a1,...) € (bo,b1,...), ecm a; < b mpm Bcex i. Jlokaxwure,
9TO >TO MHOXECTBO H30MOP(MHO MHOXECTBY BCeX IIOJOXHTEThb-
HHIX HeJHX 9HCel C OTHOINEHREM «OHTDL JelmTeleM» B KadeCTBe
mopanKa.

BaauMuo ofHO3HaYHOe OTOOpaX)eHHe YACTHIHO YIOPA-
NOY9EHHOrO MHOXeCTBa A B cebd, ABIAIONIEecH H3OMOPQhH3-
MOM, Ha3bIBAIOT A6MOMOPGHUIMOM FACTHIHO YIIODHIOTEH-
Horo MHOXecTBa A. ToxXgecTBeHHOEe OTOGpaXeHHe BCETa
ABAAETCA ABTOMOP(U3IMOM, HO A HEKOTOPHIX MHOXKECTB
CYIIECTBYIOT W ApyTHe apToMopguamer. Hanpumep, oTobpa-
KeHWe TpHOaBIeHUA UL (z — z + 1) ABasgeTca aBTO-
MOP(UIMOM YACTHIHO YIIOPAJOICHHOIO MHOXECTBa Z Ile-
AbIX 9ucea (C ecTecTBeHHBLIM TOpAAkoM). [1A MHOXKecTBa
HaTypalbHBEIX IHCE] Ta XKe (GopMysaa He JaéT aBTOMOPpU3-
Ma (HeT B3aHMHOH OJHO3HAYHOCTH).

95. IlokaxmTe, 9TO He CyIeCTBYeT aBTOMODMDH3Ma YIOPAIO-
9eHHOr'0 MHOXeCTBa N HaTyparbHEX 9HCEI, OTAHIHOTO OT TO-
X IeCTBEHHOT'O.
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96. Paccmotpum MHOXecTBO P(A) BCeX MOIMHOXECTB HEKO-
TOpOro k-5IeMeHTHOIO MHOXeCTBa A, 9aCTHIHO yHOPAZOIEHHOE
mo Bkaodenmio. Halignre 9mcio aBTOMOPGHU3MOB 5TOr0 MHOXe-
CTBa.

97. IlokaxwnTe, 9T0 MHOXECTBO LEJHIX IOJOXHTEbLHHX HH-
ceill, 9aCTHYHO YHIOPAOIeHHOE OTHOLICHHEM (I JElHT Y%, HIMeeT
KOHTHHYYM Pa3IMIHHX aBTOMOPGhHI3MOB.

BoT HeckoJbko IpHMEpOB DaBHOMOIIHBIX, HO He H3O-
MODPMHBIX THHEMHO YIIOPAOYeHHBIX MHOXKeCTB (B CHIY Teo-
peMbl 12 OHH NOMKHBEL GBITH GECKOHETHBIMHU).

o Otpeaok [0, 1] (c OGBIYHBIM OTHOILIEHHEM TIOPAIKa) HE
maoMopden MHOXKecTBY IR, Tak Kak y IepBOrO eCTh
HamboMbIIMH BaeMeHT, a y Broporo Her. (Ilpm mso-
Mop(uaMe HAUGOJBIIHN 3IeMEHT, €CTEeCTBEHHO, JOJ-
KeH COOTBETCTBOBATH HAUOOABIIEMY . )

e Muoxectso Z (uenble 9mMcaa ¢ OOBITHBIM MTOPA IKOM)
He m3omopdHo MuOKecTBY () (paunonasbHbIE THCAA).
B camom gedne, nycrs a: Z — Q asasercsa uzaoMopdus-
MoM. BoabMEM fiBa, COCEHMX TEABIX IHCAA, CKaXeM, 2
n 3. Ilpn maomMoppuaMe @ UM JOAKHBI COOTBETCTBO-
BaTh KaKHe-TO /[Ba PAHOHAIBHBIX duciaa a(2) n a(3),
npuaeM a(2) < a(3), Tak xak 2 < 3. Ho Torga paun-
OHAMBHBIM dHCIaM MeXAY a(2) u a(3) JoaxkHbI cooT-
BETCTBOBATD eble 9ucaa MeXAY 2 1 3, KOTOPLIX HeT.

e Bosee cioxupil npumep — MHoxecTBa Z U Z + Z.
BosbméM B Z + Z e Komuu HyJAd (W3 TOH W APYroOi
KOMIOHEeHTHI) ; Mbl o6oznadatn ux 0 u 0. [pu sTom 0 <
< 0. IIpr m3oMopdHaMe IM JOKHLI COOTBETCTBOBATE
[IBa MeablX 9ucia a W b, aas xkoropoix a < b. Torga
BeeM saementam Mexay 0 u 0 (ux GecKOHETHO MHOTO:
1, 2,3, ..., =3, =2, —1) [OIXKHBI COOTBETCTBOBATD

YUACTa MEXKY a | b — no mx ML KoHeYHOEe YUCIIo.

ITOT pHMEp TPHHITHITHAILHO OTIHIAETCA OT TIPEIbI-
OYITHX TeM, 9TO 3/IeCh DPA3HUIY MeXIy CBOUCTBAMH
MHOXKeCTB Helbas 3amucaTth dopmyion. Kak roBopar,
yImopsAaoIeHAble MHOXKECTBA Z U 7 + 7 «ieMeHTapHO
SKBUBAJIEHTHBI».
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98. [lokaxmTe, 9TO JWHEHHO YIOPAJOIeHHEe MEOXeCTBa Z X
x Nu Z x Z (c onmcaHHHM BHIIe Ha C. 54 mOpAAKOM) He H30-
MOpPGHHI.

99. ByayT /m n3oMopdHH JIHEEHAO YIOpAJO9CHHEIE MHOXe-
ctBa NxZu Z x Z?

100. ByayT /m n30MOp(HH JHHEHHO YIOPAJOYEHHBIE MHOXeE-
ctBa Qx Zu Q x N?

Orobpaxenne & +— 2z OCyleCTBAAET H3OMOPHU3M
mex gy uaTeppasamu (0,1) u (0,v/2). Ho yxe me Tak mpo-
CTO HOCTPOUTH HIOMOPGMUIM MEXKAY MHONKECTBAMH DAIIHO-
HaJbHBIX TOYeK DTHX HHTepBaJoB (To ecth Mexay QN (0,1)
nQn (0,\/5)), IOCKOJILKY YMHOXEHHE Ha /2 TepeBoJuT
pallioHaJbHble YHCIa B WppallHoHajbHble. TeM He MeHee
M30MOpdU3M TOCTPONTH MOXHO. [lid >Toro Hajgo B3ATH
BO3pacTaloIIe IOCAEAOBATEIBHOCTH PAlMOHAIBHBIX THCE
0 <z <2z2< ... u0 <y < yo < ..., CXOAALIAECA
cooTBeTCTBeHHO K | 1 v/2 1 MOCTPONTH KyCOdHO-THHEHHY O
dyukumio f, KOTOpas NepEeBOAUT &; B Y; W AMHCHAA Ha Ka-
KAOM U3 OTPEIKOB [Zj, Tit1] (puc. 5). Jerko moHATH, 4TO
oHa 6y IeT HCKOMBIM H30MOP(U3MOM.

V2 4

y2 |--

n

Puc. 5. Jlomanas ocymecTB/IsdeT H3oMopdHaM.

101. [ToxaxnTe, 9T0 MEOXKECTBO PAMOHAIBHLIX IACE] HATEP-
pazna (0, 1) m maoxectso ) msomopdrH. (Ykasarme: 35ech ToXe
MOJXHO IOCTPOUTD JOMaHy10; BIIPO9IeM, y 9TOH 3aja9H €CTb H JpY-
roe pellleRre, KOTOPOe HATAHAETCA € TOro, 9To GYHKIAA T +— 1/2
[EePEBOART PanMOHAILHEIE 9ACIA B PAIEOHATLHEIE. )
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Boaee croxnas koHcTpyKuua TpebyeTca B caeqylOmIen
safade (BHAUMO, HUYETO MPOIIE, 9€M COCAATHCA Ha OBIIYIO
TeopeMy 13, TYT He IpHIYMaellb).

102. [lokaxwnTe, 9TO MEOXECTBO JBONIHO- PATHOHAIBHBIX 9H-
cex maTepBata (0, 1) m3omopdro MEOXKecTBY Q. (JmCIO CamTaeT-
cf J8OUUHO-DAYUOHAAbHBIM, ECI OHO mMeeT BuA m /2", rae m —
Iefoe 9HCIO, a 1 — HaTypalbHOE.)

JlBa saeMenTa Z, y AUHEHHO YIODSA JOIEHHOT'O MHOXKECTBA
Ha3bIBAIOT COCEOHUMU, €CITH T < Y W He CYIIIeCTBYET DAeMeH-
Ta MeXJy HAMH, TO eCTh TAKOTo 2z, 94To T < z < y. JluHe-
HO YIOPSJA0YEHHOEe MHOXKECTBO HA3BIBAIOT NAOTMHLIM, €CIH
B HEM HET COCEHHX BJIEMEHTOB (TO €CTh MEXy JOBIMH
BYM#A €CTh TPETHIT).

Teopema 13. Jlio6bie ABa CHETHHIX IOTHHIX JHHEHHO YO
PAJOMEHHBIX MHOMKeCTBa 6e3 HamOOJBbIEro W HANMEHBIIET O
SJIEMEHTOB H3OMOPhHHEI.

< Iycre X 1Y — gannnie HaM MHOXecTBa. TpebyeMbiin
n3oMopuaM MeX Ay HUMEU cTpouTcs no maraM. [locae n ma-
TOB ¥ HacC €CTh JBa N-3JMeMeHTHHIX TogMHOxKecTBa X, C X
u Y, CY, sieMeHTH KOTOPHIX MBI OyjleM Ha3bIBAThH «OXBa-
YEeHHBIMIY, W B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXKTY
HUMH, cOXpaHsollee mopaaok. Ha odepegnom mare mMer Ge-
PEM KaKOH-TO HEOXBAYEHHBIH DJIEMEHT OJHOTO M3 MHOXKECTB
(cxaxeM, MHOXKecTBa X ) U CDAaBHHBAEM €O CO BCEMH OXBa-
deHHBIMA 3aeMeHTaMi X . OH MOXKeT 0KazaThesa TubO MeHb-
11e Beex, an6o Goabiie, 160 IOMacTh MEXK Y KAKUMHU-TO JBY-
M. B kax oM U3 cIy9aeB Mbl MOXKEM HAWTH HEOXBa9eHHBIH
2ieMeHT B Y, HAXOMAAINMHACA B TOM e MOJoKeHnH (6oablie
BCEX, MEX Y TIEPBBIM U BTOPHIM OXBAaYE€HHBIM CBEPXY, MEXK Y
BTOPHIM M TPETHHM OXBadeHHBIM cBepxy u T.1.). [Ipn sToM
MBI TIONB3YEMCST T€M, 9TO B Y HET HAWMEHBIIETO 3JeMeHTa,
HeT HaMOOMBIIIErO W HET COCEJHHX BIEMEHTOB, — B 3aBHCH-
MOCTH OT TOl'0, KAKOH W3 TPEX caydaeB umeeT MecTo. [locae
3TOro MHI fo6aB/sieM BEIOpaHHBIE SIeMEHTH K Xy U Yy, CH-
Tasgd UX COOTBETCTBYOIIUMHA JAPYT APYLY.

Yr1o6bI B mipejiesie MOTYYHTH HIOMOPQHUIM MERAY MHO-
KectBaMu X u Y, MBI JIOMKHBL T03a00THTBCH O TOM, 9TO-
OBl Bce BJIEMEHTH O0OMX MHOXKEeCTB OBLTM PaHO WIW TIO3 -
HO OXBAYEHBL. JTO MOKHO CHEMaTh TaK: MOCKOAbKY KakJoe
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M3 MHOXECTB CYETHO, IIPOHYMEDPYEM €ro DJIeMEHTLL U Oy jeM
BLIOHPATDL HEOXBAYEHHLIH SJIEMEHT ¢ HAMMEHDLIIIMM HOMEPOM
(na HewéTHBIX marax — m3 X, Ha 9€THHX — w3 Y). IO
coobpaxeHHe 3aBepPIIAET JOKA3ATEIbCTBO. >

103. CKOBKO CyIIeCTBYeT HER30MOPGHBIX CIETHHIX IIIOTHBIX
JIMHEHHO YNOPAKOIEHHBIX MHOXECTB (PO HaHMEHBIINH W HaH-
6oLl >IeMeHTH HEYero He maBecTHO). (OTBeT: 4.)

104. IIpmBeguTe IpEMep ABYX ILIOTHHX JHHEHHO YIOPALO-
YeHHHX MHOXECTB MOIIHOCTH KOHTHHYYM 06€3 HaWmMEHBIIEro H
HamGOIBIIEro >IEMEHTOB, He SBIAIOLMXC H3oMopdEbME. (YKa-
3aHme: Bo3pbMuTe MEOXecTBa Q + R um R+ Q.)

Teopema 14. Besikoe cuéTHOe MHHEHHO YIOPSAJOUECHHOE
MHOX€eCTBO H30MOP(pHO HEKOTOPOMY TOMHOKECTBY MHOXKe-
crBa Q.

<] 3aMeTHM cpal3y Xke, 9TO BMecTO MHOKecTBa (Q MoxHO
6bLI0 B3ATL JM1060€ INIOTHOE CYETHOE BCIOAY ILIOTHOE MHO-
KecTBO 6e3 epBOTo U MOCAE[HETO 3JMEMEHTOB, TaK KAaK OHH
BCE U30MOP(HHIL.

JlokalzaTeabCcTBO DTOT'O YTBEDXKIEeHHA TMPOUCKOIAT TaK
Xe, KaKk U B TeopeMe 13 — ¢ ToH pasHHUIEH, 9TO HOBLIE He-
obpaboTaHHbIe 3JeMEHTHL 6EPYTCA TOALKO C OJHOH CTOPOHLL
(13 JaHHOT O HAM MHOXECTBA), a Mapbl K HAM TMOAGHDAIOTCS
B MHOMECTBe PaIllUOHAJIBHBIX YUCET. >

2.3. PyHaupoBaHHbIE MHOXKECTBA

IMpuHmUn MaTeMaTHYeCKOW WHAYKIIMH B OJHOW W3 BO3-
MOXHBIX (hOPM 3BYHUT TaK:

Hyctes A(n) — HEKOTOpPOE CBOHCTBO HATYPaJbHOIO HH-
caa n. Iycts HaMm yjarock gokazaTh A(n) B mpejnoao-
skenun, 910 A(m) BepHO j17 Bcex m, MeRbmuX n. Torga
cBo#cTBO A(n) BEepHO JIA BCEX HATYPaJbHBIX IHCET M.

(3ameTnmM, uTo no ycaouio nokazareabcTBo A(0) Bo3-
MOXHO 6€3 BCAKHX TPeIIONOKEHHH, MOCKOALKY MEHDBIIHX
HCeN HET.)

JlnA KakuX 9acTHIHO YHOPALOYEHHBIX MHOKECTB BepeH
aHadOrHIHbIH NpruHIHUT? OTBeT HaéTcs CIeAyIonel TpoCToR
TEOPEMOMH:
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Teopema 15. Caeayiorme TpH CBOHCTBA YACTHIHO YIODS-
JOUEHHOT'0 MHOXKecTBa X PaBHOCHILHBL:

(a) aroboe HemycTOE TOAMHOKECTBO X HMeeT MHHHMAIb-
HBIH DIEMEHT;

(6) He cymecTBYET GECKOHETHOH CTPOTo yOBIBAOIIEH 1T0-
cleoBaTeIbHOCTH Tg > X1 > T2 > ... 2J1eMeHTOB MHOXe-
cTBa X;

(8) mas mMHOXKecTBa X BepeH NPHHIAN HHAYKIHH B Cle-
Aytomedl gopme: ecan (MpH KaxgoM z € X) W3 HCTHHHO-
ctiu A(y) aas Beex y <z caefyer mcTHHHOCTH A(Z), TO
cBolictBo A(z) BepHO npu Bcex z. PPOPMANbHO 3TO 3aIHCHI-
BAlOT TaK:

vz (Vy ((y < z) = A(y)) = Az)) = Vz A(=).

<] CHavaja [oKakeM 3KBHBaJEHTHOCTL IEPBHIX JBYX
coucts. Ecin g > 21 > x9 > ... — GeckoHedHasa yObl-
BafoIlad MoCAejOBATENLHOCTD, TO, OYEBHHO, MHOXECTBO €6
3HAYEHHH He MMeeT MHHHMAIBHOTO BaAeMeHTa (1A Kak/joro
PueMeHTa CAeAyIomui emé Menbiue). Iosromy m3 (a) cae-
ayer (6). Hanporus, ecin B — HemycToe MHOXECTBO, HE
HMeIlee MUHHMAALHOTO BJeMeHTa, TO GeCKOHETHYIO0 yObI-
BaOIIYIO MOCAEOBATENHLHOCTDL MOAKHO MOCTPORTD Tak. Boab-
MEM IIPOMU3BOJLHLIA 3ieMeHT by € B. Ilo npeamnosnoxenuo
OH He ABIAETCA MUHHMAJLHBIM, TaK 9TO MOKHO HauTH by €
€ B, maa xotoporo by > by. [lo Tem xe puIMHaM MOXHO
manT by € B, gasg xoroporo by > by u 1. a. Hoayuaerca
HeckoHedHas yOLIBAIOMIaA MOCAEOBATENHHOCTD.

Tenepb BBIBEIEM TPHHIAIT HHAYKIIHA H3 CYIIECTBOBAHNA
MHUHHMAaJALHOTO 3JIEMeHTa B aioboM mogMuoxecTBe. IlycThb
A(z) — TpOM3BOJIBHOE CBOHCTBO 3EMEHTOB MHOXKecTBa X,
BEpHOEe He JUIA BCEX HJAEMEHTOB Z. PaccMoTpmM HemycToe
MHOKecTBO B Tex nieMeHTOB, [y KOTOPBIX CBOHCTBO A He-
BepHo. IlycTh £ — MHHUMAJBLHBIA BJeMeHT MHOXecTBa B.
ITo ycroBHio MEHBIIMX BJeMEHTOB B MHOXkecTBe B HeT, mmo-
9TOMY s Beex y < z cBohicTBo A(y) BbmoaneHo. Ho To-
r/la [0 MPEANOIOKEHIO TOIKHO OBITh BhioaHeHo U A(z) —
pOTHBOpEYHE.
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Ocranochk oKa3aTh CYIECTBOBaHHE MHHHMAIBHOTO 3Je-
MeHTa B JI00OM HEIYCTOM MOAMHOKECTBE, HCXOJA 03 TIPHH-
una nHAYKuad. [Tycrs B — moAMHOKecTBO 663 MHHHMAIb-
HBIX 54eMeHTOB. JloKa)eM Mo HHAYKUHH, 970 B mycTo; Apy-
CHMH cloBaMH, B KadecTBe A(z) Bo3bMéEM cBolicTBo = ¢ B.
B camowm gese, ecin A(y) BepHO s BCexX y < &, TO HUKAKOH
SJEMEHT, MEHLINUHA T, He dexuT B B. Ecan 6u1 z sexan B B,
TO OH GBI OBl TaM MHHHMAJBHBIM, a TaKHX HeT. [>

MHoxecTBa, obnanatorrie cBolicTBamu (a) — (B), Ha3bIBa-
forea gynduposannbiau. Kakne ecTb npuMeps! GpyHAHPOBaH-
Hbx MHOKeCTB? TIpex e Bcero, Halll HCXOAHBIH NPHMED —
MHOXK€ECTBO HATYPAJbHBIX HCEN.

Npyroi npumep — MHOXKecTBo N X N nap HaTypatbHBIX
9qucen (MeHbIE Ta Tapa, ¥ KOTOPOH BTOPOH “WIEH MEHBIIIE;
B cllydae paBeHCTBa CDaBHHBaeM IepBbe). B caMoM fnere,
nposepuM yciosue (6). Ham 6y ger y 1060 chopMyanpoBaTh
€ro TaK: BCAKas IMOCAENOBATEIbHOCTD Uy =2 Ul 2 U2 =2 ...
IEMEHTOB MHOXKECTBA PAHO WIH TO3JHO cTabHIH3NpyeTCa
(Bce umeHbI, HaYWHAA C HEKOTOPOT'O, PABHBI); OYEBH/HO, ITO
9TO BKBHBaleHTHadA (POPMYIHPOBKA.

IlycTb maHa TPOM3BOJIBHAA NOCIENOBATEALHOCTD T1ap

(o, y0) = (x1, 1) = (T2, 92) 2 ...

TTo onpegenenuo mopsAaKa (CHaYala CPAaBHUBAIOTCA BTOPHIE
WIEHBI) Yo = Y1 2 Y2 2 ... H MOTOMY MOCAE[OBATENBHOCTE
HATYPAJIbHBIX THCET Y; C KAKODO-TO MecTa He MeHseTcs. [lo-
CJle DTOTO YiKe &; MOJKHBI YyOLIBATH — W TOXKEe CTAONMIH3U-
pyiorcs. Yro u TpeGoBagoCh.

To xe camoe paccyXjeHHe TPHUTOJAHO W B Godee obIien
CHTYAIN.

Teopema 16. Ilycts A u B — pgBa (GhyHAUPOBAHHBIX Ha-
CTHYHO YTOPSIOYEHHBIX MHOXeCTBa. Lora UX TpoM3Bee-
ume A X B, B KoTOpOM

(a1,b1) < {az,b2) & [(b1 < b2) mmm (by = by w a1 < a2)],

ABaAeTCS PyHAMPOBAHHBIM.
<] B nocregosarersuoctu {ag, bo) = {a1,b1) = ... crabu-
JMIUPYIOTCA CHadala BTOpLIE, a 3aTeM W HepBble WieHbl. [>
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Orciofa BoITeKaeT aHajJorH4YHOe yTBepxkgenue aad N x
x N x N, gaa N¥ mwm Boo6ime qua nponsseienns KOHEIHOr 0
qrcaa GyHIAPOBAHHBIX MHOXKECTB.

Emgé npowme gokasarb, 9ro cymma A + B aByx ¢yHgu-
poBaHHLIX MHOXecTB A u B (dbynaupoBaHa: HociaeoBaTelb-
HOCTB Zg € £1 £ 2 £ ... JH6O IeanKoM cofepXuTcad B B
(m MBI cebraeMest Ha GyHAUPOBaHHOCTD B), IM60 COMEPKUT
saemenT 3 A. B mociegneM ciy4ae Bce ciefyloliye JeMeH-
THL TakKxe OpuHamIexarT A, 1 Mbl Hcnodab3yeM pyHAHpOBaH-
HocTh A.

YacTo B nporpaMMHpoOBaHHH (HIH B OTHMIHAIHBIX 3a-
fadax) HaM HY:KHO JOKa3aTh, YTO HEKOTODHIH MpOIEce He
MOXeT MPOAOIKAThECA Heckornedno goaro. Hanpumep, namu-
CaB UK, MBI JOMKHBI YOEJUTHCA, 9T0 PAHO WIH TMO3HO U3
HET'O BHIHJEM. JTO MOXHO CA6TaTh TakK: BBECTH KaKOU-TO
HATYPATLHBIH TapaMeTp W yOequTheA, ITO HA KakOM Iia-
re NHKJIa 3TOT TapaMeTp yMenbinaerca. Torga, ecan celdac
9TOT mapamMeTp paBeH N, TO MOXHO TapaHTHPOBATDL, 9TO He
moaxe 4eM deped N MIAroB IHKI 3aKOHTHTCH.

Oanako 6LIBAIOT CATYAIMH, B KOTOPBIX YHCAO IIAroB 3a-
paHee OUEHUTH HEJIb3s, HO TEM He MeHee rapaHTHpPOBATDH 3a-
BepIlleHHe UK MOXHO, TOCKOABKY €CTh apaMeTp, IIPHHH-
MAIOITHH 3HAYeHnsA B (ByHIHPOBAHHOM MHOXKeCTBE W yOLIBa-
IOIIHA Ha KaXOM Iare MHKJIA.

Bor npumep onuMnnaHOR 3a4a91, e TIO CYIIECTBY Ta-
KO€ paccyX/eHne W UCIIOMb3YeTCA.

BusnecMen 3aKIOMKA ¢ 9EPTOM CAEAKY: KX ABIH AeHb OH
NAa€T YEPTY OJHY MOHETY, i B OOMEH IOJy4daeT JI000H Ha-
60p MOHET TI0 CBOeMY BHIGOPY, HO BCE 3TH MOHETHI MEHbBIIIETO
AOCTOMHCTBA (BHAOB MOHET KOHe4HOe 9icio). MenaTs (min
HOAYYaTh) AeHbIH B JPYTOM MecTe GH3HECMEH HE MOKET.
Koraa moneT 6oabllie He ocTaHeTcsA, GHAHECMEH IPOUTPHIBA-
eT. JlokaxuTe, 9T0 PAHO WIH O3 JHO YEPT BHIMTPAET, KAKOB
65L Hi 6bLT HaYaJbHLIH Habop MOHET y GU3HecMeHa.

Pemienne: nycrs umeercs k sugos moneT. MckoMbiil ma-
paMeTp OIpeIeIHM TaK: IOCIHTAEM, CKOTBKO MOHET KaX JJO-
IO BH/Ia €CTh y OH3HeCMeHa (1] — YHCIO MOHET MHHHMAIb-
HOT'O JOCTOWHCTBA, Ng — YHCIO CASAYIOINMX, W TaK jJajee



[m. 4] Bnoane ynopadornennvie MHOdICECME A 65

10 N ). 3aMeTHM, 9TO B Pe3yabTaTe BCTPEIH ¢ YEPTOM Ha-
Gop (ni,...,ng) yMeHolaeTcs (B CMBICAe BBEIEHHOIO HAMK
NOpAIKa, KOTJa Mbl CPABHABAECM CHAYala [OCAeHAE TICHb,
3aTeM mpeamocaeqnie u T. A.). Hockoapky mmoxectso NF
pyHAIpOBaHO, 3TOT Mpolece AOMXKeH 060pBaThCA.

105. MiMeeTcs KOHe9HasA MOCEAOBATEILHOCTh HYJIEH W €fH-
HAIL. 3a OJHH IIar Pa3pelaeTca CAeIaTh TaKoe NeHCTBHE: HanTH
B Hell rpynmy 01 m 3amernTs Ha 100. . .00 (mpE 3TOM MOXHO HaIu-
CaTh CKOJBKO YyI'OAHO Hyiel). [loKaXuTe, 9TO TaKHe MIarn HeJb35
BHIIIOJHATE 6ECKOHETHO MHOT'O pas.

106. PaccMoTpEM MHOXECTBO BCEX CiOB PYCCKOro aida-
BATa (TO9YHEee, BCEX KOHETHHIX IMOCIESOBATEIHLHOCTEH PYCCKHX
6yKB, HE3aBECHMO OT CMHEICIa) C JeKCHKOIpadpHIeCKAM IOPLAKOM
(cM. c. 52). Byger sm 9T0 MHEOXeCTBO GYHAEPOBAHO?

107. PaccMoTpEM MHOXECTBO HEBO3pPAaCTAIOUMX IOCJIEIOBa-
TeILHOCTEN HATYPAIbHBIX IHCET, B KOTOPHIX BCE WICHH, Ha9nHAA
C HEKOTOPOr'o, DaBHH HyJI0. BBeéM B HEM HOPAIOK Tak: CHada-
Jla CpaBHWBaeM IIepBHIE 9I€HH, IIDH PaBEHCTBE IEPBHIX BTODHE
u T. 8. JlokaXx®nTe, 9T0 3TO (IHHEHHO) yHOPAZOICHHOE MHOXECT-
BO PyHIWPOBAHO.

108. PaccMOTpHM MHOXECTBO BCEX MHOT'O9JIEHOB OT OJHOM Iie-
PEMEHHON T, KO>(POIHIWEHATH KOTOPHX — HATYpailbHBE GHCIA.
Yuopsgoaum ero tak: meEorodier P Gombie MEOrodierHa (), ecim
P(z) > Q(z) mua Bcex gocraTowro Gompumx z. IlokaxwTe, TTO
9TO ONpejieeHre 3aJaéT THHEHHEKHN IOPAIOK B 9TO IOLy<alole-
ecs yIopsSno9eEHOe MHOXeCTBO DYHINPOBAHO.

2.4. Bnoane ynopsgo4eHHbleé MHOXeCTBad

PyHAUPOBAHHLIC JTHHEMHO YIIOPANOICHHbIE MHOXECTBA,
HA3LIBAIOTCA 6NOAHE YNOPAGOUECHHBIMY, 3 COOTBETCTBYIOIIHE
HNOPAJKH — mnoAHblMY. JIIA JHHEIHBIX [TOPAJKOB MOHATHA
HaMMEHBIIEr0 M MHHHMAJLHOTO SJEeMeHTa COBIafaloT, Tak
9TO BO BIIOJHE YIIOPAJOYEHHOM MHOXECTBE BCAKOE HEIYCTOe
[O/MHOXECTBO HMeeT HAMMEHDBIIHN 3JeMEHT.

3aMeTHM, 9TO JaCTHIHO YTIOPAAOIEHHOE MHOXKECTBO, B
KOTOPOM BCAKOE HEMyCTOe MOAMHOXKECTBO HMeeT HaWuMeHb-
A 3JeMeHT, aBTOMATHICCKH ABAAETCA JHHEHO YIIOPAJO-
9YeHHBIM (B CAMOM jlefe, BCIKOe [IBY X3JEMEHTHOE MHOKECTBO
HMeeT HaMMEHBIIHI 31eMeHT, II03TOMY JI00bIe 1Ba 31eMEHTa,
CPaBHHUMEBI).
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IIpuMepsr BHodHE ynopAgodeHHBIX MHoxecTB: N, N 4
+k (3pech k 0o6o3HAYAET KOHETHOE THHEHHO YIIOPSA,JOIEHHOE
MHOXeCTBO W3 k saeMenToB), N4+ N, N x M.

Hama meab — MOHATH, KAK MOTYT 6LITH YCTPOEHBI BIIOJ-
He YIOpAJOoIeHHbIe MHOXeCTBa. HaIHéM ¢ HECKOALKHX MTpO-
CTBLIX 3aMevaHnn.

o Broane ymnopsgodeHHOe MHOKECTBO HMeeT HaMMEHb-
umi saement. (HemocpegcTBenHoe caeficTBre ompeje-
JeHHS.)

o /lna xaxAoro b>ieMeHTa & BIIOJAHE YIOPAJIOIEHHOTO
MHOX€eCTBa (KpOMe Ha.H6OJIbIHePO) €CTb HeNOoCPeNCT-
BEHHO CJACAYIOINTHA 3a HUM SJEeMEeHT Y (BTO JHAYNAT,
9TO Y > I, HO He CYyIIeCTBYeT 2, [T KOTOporoy > z >
> a:) B camom ferte, ecaii MHOXKECTBO BCEX JeMeHTOB,
BOJBINNX T, HEMYCTO, TO B HEM €CTh MUHHUMAILHBIN BJe-
MEHT ¥, KOTOPBIH W 6ygeT nckoMbiM. Takol saeMenT
JormdHo obosHavaTh = + 1, caegyroimi 3a HAM —
z+2uT. 1.

o HekoTopbie BJeMeHTHI BIOAHE YHODSAJOYEHHOTO MHO-
JKeCTBa MOTYT He HMeTh HEMOCDPEICTBEHHO TPeblIy-
mero. Hanpumep, B MuoxectBe N + N ecTth gBa Hae-
MeHTa, He HMEOINHX HEeNOCPEACTBEHHO TPENblAYIIero
(HAMMEHBIINH 5eMEHT, a TaKke HANMEHbIIHH SIeMeHT
BTOPOH KOTIHH HATYpPaJbHOrO prAfa). Takue sreMeHTH
Ha3bIBAIOT NpedeabHbLml.

e Beakuit sneMeHT yHopAfo9eHHOT0 MHOXECTBa HMeeT
BHJ Z + N, TJle z — NpeJelbHBIN, a N — HaTypaJbHOe
qucao (obo3HadeHHe z + N MOHHMAETCA B OIHCAHHOM
BHIIIE cMBICTe). B caMoM flesie, eciiil z He TIpeiedbHBIH,
BO3LMEM NpPeALLAYIIANA, ecAd W OH HelpeledbHBI —
TO ero NpeJLIAYIIANA | T. [., [I0Ka He JOHJAEM [0 Ipe-
AeIBHOTO (GECKOHETHO TPOMOIKATHCA TO HE MOXKET,
TaK KaK MHOXKECTBO BIIOAHE yriopsRodeHo). O4eBuHO,
TaKoe MPeJCTABICHHE OJHO3HAYHO (y DIEMEHTa MOKET
GBITH TONBKO OJ[HH HETOCPECTBEHHO MPe/BIYIIHIT).
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o Jlioboe orpaHWYeHHOE CBEPXY MHOXKECTBO 3AEMEHTOB
BIIOJIHE YIIODANOYEHHOI'O MHOXECTBa HMeeT TOIHYIO
BepxH0I0 T'pabb. (Kak o6braHO0, NogMHOKeCTBO X 4a-
CTHYHO YTOPAJOYEHHOTO MHOXKeCTBa A HaswbiBaeTcs
02PAHUUECHHbIM CEEPTY, €CIH OHO HMEeeT G6EpIHION epa-
HUYY, T.e. paeMeHT @ € A, nasa xoroporo x € a mpH
Bcex ¢ € X. Ecim cpean BcexX BepXHUX I'DaHUIL JaHHOTO
MOAMHOKECTBa €CTh HAMMEeHbIIasA, TO OHa Ha3bIBaeTCA
mounoti seprHetl 2panbio.)

B camom jgene, MHOKECTBO BCeX BEPXHUX T'DAHMIL HEITY-
CTO H MOTOMY HMeeT HAHMEHBIIHH 3eMeHT. (3aMeTHM
B ckOBKax, 9YTO BONPOC O TOYHOH HUKHEU TDaHH s
BIIOJTHE YTIIOPAOYEHHOI'O MHOXKecTBa TpHBHAJeH, Tak
KaK BCAKOE MHOXKECTBO HMeeT HAMMEHBIIHH 2IEMEHT. )

ITycts A — npowaBoabHOE BIOAHE YHOPAJOIEHHOE MHO-
*kecTBo. Ero HanMeHbIn saeMenT o6oznadum depes 0. Cae-
OYIOIWH 338 HUM BJAeMeHT 0G03HAYHM depes 1, caeqyroliui
3a 1 — wepe3 2 u T. ;. Eciun MHOXecTBO KOHEYTHO, TIPOIECC
aroT obopsérca. Ecau 6eckoHedHO, TTOCMOTPHM, HCYepa-
JHW JH MBI BCe 3AeMeHThl MuoxkecTBa A. Ecanm HeT, BoabMeM
MHUHAMAJIBHBIA DIeMeHT U3 ocTaBimuxcd. OGo3HATHM ero w.
Caenyroluuii 3a HUM >1eMeHT (ecAH OH ecTh) 06O3HAYHM tw +
+ 1, 3ateM w 4+ 2 1 1. 4. Ecoii W Ha >TOM MHOMXeCTBO He
HCYEpHAeTcs, TO BO3LMEM HAUMEHBIIAN DIEeMEeHT W3 OCTaB-
IITAXCS, HA3OBEM ero w - 2, H TIOBTOPHM BCIO TIPOIEAYPY. 3a-
TeM GyayT w -3, w -4 u T. 1. Ecan @ Ha 3TOM MHOXKECTBO
He KOHIHTCHA, MUHUMAJLHBIA M3 OCTABITHXCA 3AEMEHTOB Ha-
soBéM w?. 3arem noiiayT w? + 1, w? +2, ..., w4 w, ...,
Wiw-2,.. w220, w3, wd L (MBI He TTOACHAEM
celgac moApo6HO 0GOIHATEHHA).

Yto, cobcTBeHHO TOBOPSA, MOKA3BIBAET 3TO PaCCykKie-
uue? [lonbrraeMes BbIEIHTD HEKOTOPHIE yTBepK AeHus. [1pu
9TOM TOME3HO TAKoe ONpejeleHHe: eClH JHHEHHO YIIOPS Jo-
YeHHOE MHOXeCTBO A pa3buTo Ha /Be (HemepeceKaroecs)
qactd B u C, npuaém mio6oi siremenT B MeHbIne Iio6oro
amemenTa C, To B Ha3bBalOT HAuAAbHbLLM OMPEIKOM MHO-
®ectBa A. [[pyruMu caoBamu, MoAMHOXecTBO B auHelino
YTIOPA JOIEHHOT 0 MHOXKeCTBa A ABIAeTCAS HA9AIbHBIM OTPE3-
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KOM, eciiut A10601 siaeMeHT B Menbiie awoboro snementa A\ B.
Emg ogna nepedpopMmyanposka: B C A ABageTca HAYaIbHBIM
oTpeskoM, ecin w3 a,b € A, b€ Bwua < b caeayer a € B.
3aMeTHM, 9TO HAYAILHBIA OTPE3OK MOXKET OBIThH MyCTHIM
WJIH COBIANAThL CO BCEM MHOKECTBOM.

OTMeTHM cpasy ke HECKOABKO TPOCTHIX CBOUCTE HAMAIb-
HBLIX OTPE3KOB:

o HadanbHBI OTPe3oK BIOIHE YIIOPAJOUCHHOT'0 MHOXKE-
cTBa (Kak, BIpodeM, H J060e TTOAMHOKECTBO) ABIAAET-
CA BIOJHE YIOPANOYEHHBIM MHOXECTBOM.

o Haganbabi OTPE30K Ha4vYaJbHOI'O OTpel3Ka ¢CTh Ha-
JaIBHBIN OTPE30OK HCXOAHOI'O MHOXKeCTBaA.

o Obnbegunenne J060T0 ceMEUCTBA HAYAIBHBIX OTPE3-
KOB (B OJIHOM H TOM X€ YIOPAJOYEHHOM MHOKECTBE)
eCTh HAYAMbHBIH OTPE3OK TOT'0O ke MHOXKECTBA.

e Ecim & — NpOM3BOABHBIM MEMEHT BIOJHE YTIOPAIO-
YeHHOT'0 MHOXKecTBa A, To MHOXecTBa [0, z) (Bce nae-
MeHTHI MHOXKecTBa A, Menbiune z) u [0, z] (31eMeHTHI
MHOXeCTBa A, MEHbIIME MM DABHbIE T) ABAAIOTCA Ha-
9aJIbHBIMH OTPE3KAMH.

e Beakuit HavadbHBIN OTpe3ok | BIOJMHE yIIOPAIO9eH-
HOI'O MHOXecTBa A, He COBNAJAIONIMA CO BCEM MHO-
xkecTBoM, uMeer Bup [0,z) aas HekoToporo z € A.
(B camom gene, eciu I # A, BO3bMEM HaWMEHbIIHI
sunemenT ¢ B MuoxkecTse A\ I. Torjga Bce MeHbILIHe 3Je-
MEHTHI NpHHaIexaT I, cam ¢ He npuHanaexuT I n Bee
60abIIme T 3MeMeHTH He IpHHaIexaT |, mHade moay-
YHA0CH OB TIPOTHBOPEYHE C ONpeAeNeHHeM HaIalLHOTO
OTpe3Ka.)

o Jlio6ble MBa HAYAJALHLIX OTPe3Ka BITOJHE YIIOPAIOTEH-
HOI'O MHOXECTBa CPaBHHUMBI 110 BKJIIOYEHHIO, T. €. OJHH
ecTh MoAMHOXKecTBO Apyroro. (CregyeT ua npeasiy-

mero.)
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e HavanbHble OTpE3KH BIIOAHE YIOPSAAOYEHHOIO MHOXE-
crBa A, ylOpAjoveHHBIE 1O BKJIIOYEHHIO, 06pasyoT
BIIOJIHE YIOPAAOYEHHOE MHOKECTBO. DTO MHOXECTBO
COCTOUT 13 HAHGOMBIIEr0 BueMeATa (Bcé A) U ocTanb-
HOH 4YacTH, HaoMopdHoli MaoxecTBy A. (B camom ge-
Je, HadaJbHble OTPE3KH MHOXecTBa A, He coBmagalo-
e ¢ A, umetor Bup [0, z), u coorBercrue [0, z) &
Gy leT H3IOMOPHHIMOM. )

BosBpaTuMca K HallleMy paccy X IeHHIO ¢ TOCAeJOBaTENb-
HBIM BBIJeJCHHEM pa3JHIHBIX JIeMEeHTOB U3 BIOJHE YIIOpHA-
NO9EHHOr 0 MHOXeCTBa. Ero MepByo 9acTh MOXKHO CIATATh
OKa3aTeAbCTBOM TAKOTO YTBEPKICHHA: €CIH BIOJHE YIIO-
PANOICHHOE MHOXKECTBO GECKOHEIHO, TO OHO HMEET Hadalb-
HBIH OTpe30K, m3oMopdHbI w. (I'0BOpA 0 MHOXkeCTBe HATY-
PaIbHBIX YHCEA BMECTE C MOPAJKOM, OOBIMHO YIOTPebIAT
o6o3HadeHHe w, a He N.)

Ho na sToM Hame paccyXjeHHe He oKaHduBaeTca. Ero
caAeyIolmasa 9acTh MOXET CIHTAThCA JOKa3aTelbcTBOM Ta-
Koro ¢raxTa: 1160 A M30MOP(PHO HEKOTOPOMY HAYAJILHOMY
OTpe3Ky MHOXKecTBa w?, mbo OHO UMeeT HAYAIbHLIH OTpe-
30K, m3oMopdubi w?. (3gech w? — BloAHe yIOPAJOIeHHOS
MHOXECTBO TIap HATYpPAJIbHLIX 9HCEN: CPABHHBAIOTCA CHaYa-
Ja, BTOpble KOMIIOHEHTHL 11ap, a MpH MX paBeHCTBe — Iep-
BHIE.)

Boobie BepHO Takoe yTBepXJeHHE: A JIOOBIX ABYX
BIIOJHE YIOPAJOYEHHBIX MHOXECTB OJHO H30MOp(pHO Ha-
9aJbLHOMY OTpe3Ky APYIoro, H JOKa3aTelbcTBO COCTOUT
6osee WAM MeHee B IIOBTOPEHHH IIPOBEICHHOIO PaccyXkje-
mug. Ho 9To6BI clenaTh 3TO aKKypaTHO, HyKHa HEKOTOpasd
[OJATOTOBKA.

2.5. TpanchuHuTHaAs pekypcus

TepMHHLI AHAYKIHA» H «PEKYPCHA» 9aCTO yHOTpebis-
I0TCA BIepeMeXKy. Hampumep, onpefejdeHne (haKTOpHATIA
nl = 1-2-3....-n kak dyakuun f(n), 41A KOTOPO
fr) =n-f(rn—1) opun > 0 u f(0) = 1, rHasbBatoT U
«MHAYKTHBHBIM», H «PEKYPCHBHLIM». MBI 6yfieM cTapaTbca
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pa3srpaHUYUBATE 9TH CJAOBA TAK: eGIH pedb WAET O JOKa-
3aTeIbCTBE 4ero-To cHavada aias n = 0, saTeM aas n =
= 1,2,..., npuuéM Kaxjoe yTBepKIAeHHe ONUPACTCA HA
npeabayiee, TO 5T0 undykyua. Ecin xe Mbl ompejeiseMm
aTo-To cHadada aasa n = 0, morom gas n = 1,2, ..., npuaém
olpe/lefeHre KAk JOr0 HOBOI'O SHAYEHUS HCIOAb3yeT patee
olpefeaéHHbIEe, TO DTO PEKYPCUA.

Hawa ueab — Hay4UTbCA IPOBOAUTH WHAYKTHBHbLIE N0~
Ka3aTeAbCTBa U JJaBATh PEKYPCUBHLIE ONpeeJeHUs He TOMb-
KO JIUIf HATYPAJIbHBIX YHCed, HO W JiiA JPYTUX BIOAHE YIIO-
PANOUYEHHBIX MHOKECTB.

JlokasaTeabeTBa 110 HHAYKIUH MBI yKe 06CyKAalu, ro-
BOpA O (bYHIAUPOBaHHBIX MHOXecTBax (cM. pasgen 2.3), u
celvac OrpaHUuYMMCs TONBKO OJIHAM IIPUMEDPOM.

Teopema 17. Ilycrh A — BHoAHEe YIOPAAOYEHHOE MHO-
KecTBO, a f: A - A — BospacTampllee oTobpaxeHne (To
ectb f(z) < f(y) npu z < y). Torpa f(z) > = ans Beex z €
€A

<1 CorsnacHo TIpHHUMIY WHAYKOMH (Teopema 15, c. 62)
JAOCTATOYHO IOKa3aTh HepaBeHCTBO f(z) 2 z, npegmonaras,
aro f(y) 2 y upu Bcex y < z. Ilycthb 510 He Tak u f(z) <
< z. Toraa no moHoronHoctu f(f(z)) < f(z). Ho, ¢ gpyroi
CTODOHBI, 5eMeHT y = f(z) MeHbIle Z, U TTOTOMY 1O TIpe/I-
noaoxenuto waAYKuan f(y) > y, To ectb f(f(z)) = f(z).

Eciu yrogHo, MOXHO B ABHOM BH/|e BOCIIONb3OBATHCH CY-
[IECTBOBAHUEM HAUMEHBILErO HJIeMEeHTa U HIIOKUTDL DTO Ke
paccyxgetnne Tak. IlycTh yTBepXKIeHHE TeOpeMbl HEBEPHO.
BoabméM HamMeHbllee z, fias KoToporo f(z) < z. Ho Torga
f(f(z)) < f(z) mo MOHOTOHHOCTH M TIOTOMY Z HE ABIAAETCA
HAUMEHbBIIMM BOIDEKH MPE/IOI0KEHHIO.

Hakoner, 5To paccyXjeHHe MOXKHO MepecKa3aTh M Tak:
ecad z > f(x),To N0 MOHOTOHHOCTH

z > f(z) > f(f(2)) > f(F(f(=)) > ...,

HO 6eCKOHETHBIX yOBIBAIOIIMX MOCAeI0BATEILHOCTEN B (DyH-
MHPOBAHHOM MHOXECTBE OLIThL HE MOXKET. [>

Tenepb nepeliaéM kK peKypcui. B onpepesennn gakTop-
ana f(n) Beipaxanock depes f(n — 1). B obumelt curyarmn
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sHadeHne f(n) MOXKeT HCIONB30BATH HE TOJBKO OJHO Ipe-
ObIAyIee 3Hadernne GYHKIHH, HO W BCe 3HAYEHHS HAa MEHb-
X apryMenTax. Hanmpumep, MOXHO OpeeduTh by HKIHIO
f: N — N, ckasza, 4ro f(n) Ha equHUIY GOIbILE CYMMBI BCEX
OpeAbIAYIIAX 3HadeHud, To ecTh f(n) = f(0) 4+ f(1) + ...+
+ f(n—1)+ 1; 570 BIOAHE 3aKOHHOE PEKYPCHBHOE Olpe/iee-
Hie (Ha 0 TOABKO MOACHHTH, 9TO MyCTas CyMMa CIATAETCA
paBHO# Hyaro, Tak 9To f(0) = 1).
109. Kakyio pymknmio f 3amaéT Takoe ompeneieHne?

Kak o606muTh 3Ty cXeMy Ha TPOM3BOJIBHBIE BIIOJHE
yIOpsfo9eHHbIe MHOXKECTBAa BMECTO HATYPAIbHOTO pAga’
ITycTs A Brnomne ynopsagodeno. Mbl XOTHM JaTh PEKYPCHB-
HOe onpefeneHne HekoTopol Gyuxumu f: A - B (rpe B —
HEKOTOpPOE MHOXKeCTBO). Takoe onpefeleHne JOMKHO CBA-
3bIBaTh 3HadeHue f(z) Ha HEKOTOpOM mieMeHTe z € A co
snadeHHAME f(y) npH Bcex y < z. J[pYTHMHA CIOBaMH, PEKYD-
CHBHOe onpefienenue 3anaét f(z), npegnosaras HIBECTHBIM
orpanndenine pyHKIHA f Ha HadaabHBH oTpe3ok [0, z). Bor
TOYHAS (POPMYIUPOBKA:

Teopema 18. Ilycth A — BHOJHE YIOPAAOYCHHOE MHO-
xecTBo. llycrs B — npousBoabHoe MHOKecTBO. [lycTh ume-
eTCsl HEKOTOPOE PEKYPCHBHOE TIPABHIO, TO €CTh 0TOOpaxke-
e F', KoTOopoe CTAaBUT B COOTBETCTBHE dMeMeHTY T € A n
dyukumn g: [0, ) = B HEKOTODBIH »JeMeHT MHOXecTBa B.
Toraa cymecTByeT u efuHcTBeHHa byHkmua f: A — B, nasa
KOTOpPOU

f(z) = F(z, flo.e)

npi Beex z € A. (3pech fljo,s) obo3HaTaeT orpanmIeHHe
¢dyakumn f Ha HadadbHBIH OTpe3ok [0, ) — MBI OTGPAcH-
BaeM Bce 3HaYeHHs (PYHKIHNH Ha BJeMEHTax, GOAbIIHX HIH
paBHBIX Z.)

<] HedpopMaabHO MOHO paccy & aTh Tak: 3Hadenune f Ha
MHUHHMAaJILHOM DJIEMEHTE OMpe/eleH0 OHO3HAIHO, TaK Kak
IpeAbIAYIHX 3Hadennii neT (cyxenne f|j ) mycro). Torga
W Ha caefyIolleM 2JeMeHTe 3Hadenne (pyHKIun f onpemene-
HO O/IHO3HAYHO, IIOCKOABKY Ha NPEALIAYIMX (TO9Hee, e/IHH-
CTBEHHOM TIpeAbIAYIIeM) GYHKIHA f yXKe 3amaHa, 0 T. 1.
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Konedno, 3To Hago akKKypaTHO BHLIPA3HTH (GOpMalbHO.
Bot xak »T0 fenaerca. [lokaxeM mo HHAYKIIAN TaKoe yTBep-
K jeHHe O TPOU3BOALHOM diaeMeHTe a € A:

CYINECTBYET M €AHHCTBEHHO oTobpaxenne f orpeska [0, a]
B MHOXKECTBO B, A8 KOTOpOro DEKYPCHBHOE OIpEAeec-
HHE (PaBEHCTBO, IPUBEJEHHOE B YCIOBHH) BBIMOJIHEHO HPH
Beex z € [0, a.

Byaem nasniBarh orobpaxenue f: [0,a] — B, obaanaioiee
YKa3aHHBIM CBOMCTBOM, Koppekmublm. Taxkum ob6pazom, Mbl
XOTHM JIOKA3aTh, 9TO A KaXA0oro @ € A ecTh eJHHCTBEH-
Hoe KoppekTHoe oTobpaxkenue orpeska [0,a] B B.

IMockoabKy MBI paccy KaeM 10 HHAYKI[HH, MOXKHO TIpej-
MOJAraTh, 9TO JUIS BCEX € < @ DTO yTBEPK AeHHE BHIIOIHEHO,
TO €CTh CYNIECTBYET W eHHCTBEHHO KOPPEeKTHOE 0ToOpaKe-
e fe: [0,¢] — B. (KoppekTHOCTb f O3HavYaeT, 9TO MpH
Bcex d € ¢ 3nadenne fi(d) coBmagaeT ¢ OpejIMCAHHBIM IO
PEKYPCHBHOMY TIDaBHIY.)

Paccmorpum orobpaxenns fo, u f,, gas gByxX pas-
JUYHBIX €1 W ¢3. llycTh, HampuMep, ¢1 < c2. OTobpaxe-
uue f,, onpejgeiaeHo Ha Goabiuem orpeske [0, co]. Ecan orpa-
HUIHTH fe, Ha MeHBIMH oTpe3ok [0,e1], TO OHO COBmAAET
¢ fe,, IOCKONBLKY OrpaHHYeHHe KOPPEKTHOTO OTOOpaXeHus
HAa MEHBIIHI OTPE30K KOPPEKTHO (3TO OYEBHIHO), a MBI
OpeANoIaraii eJUHCTBeHHOCTb Ha oTpeske [0, ¢1].

Taxum o6pazom, Bce oTobpaxkenus f, cONJIacoBaHbI APYT
¢ APYTOM, TO €CTh MPUHHMAIOT OJHHAKOBOE 3HAYECHHE, eCIH
omnpefienenbl oaHoBpeMerHo. OObEIUHNB UX, MBI TTOMY9aeM
HEKOTOpOE eflnHOe oToGpakeHue h, onpegenénnoe Ha [0, a).
ITpumenus k¥ @ ¥ h peKypcHBHOE TPABHIO, MOLYIHM HEKO-
Topoe 3nadenne b € B. [loonpeneaum h B Todke a, mMomo-
#uB h(a) = b. lloayunrca orobpaxenue h: [0,a] = B; serko
MOHATH, 9TO OHO KOPPEKTHO.

Yro6bl 3aBepIINTh WHAYKTHBHBIN IEPEXO], HaJ0 TpoBe-
puTh, 4To Ha oTpeske [0, a] KOppekTHOE OTOGPAKEHHE €IUH-
crBento. B caMoM genie, ero orpanndenus Ha orpesku [0, c]
NpH ¢ < @ JOJKHBI COBIAAATD C f,, IOPTOMY OCTAIOCH TPO-
BEPUTH OJHOZHAYHOCTD B TOYKE @ — YTO TapaHTHPYETCH Pe-
KYPCHBHBIM OIpejieJeHneM (BLIPAXKAIOMMM 3HAaeHHe B TOY-
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Ke a 4Jepel Hpe,qbl,qymne). Ha »ToM HHAIYKTHBHOE NOKa3a-
TeJILCTBO 3aKaHIUBAETCA.

Ocranoch qUlIb 3aMEeTHTD, YTO IJA PA3HBIX @ KOPPEKT-
Hble 0TOOpaXeHnsA OTPE3KOB [0, a] COTJIACOBAHBL JPYT C [pY-
roM (cy)KeHHe KOPPEKTHOT'0 0TOGpaKeHHsA Ha MEHBIIHH OT-
PE30K KOPPEKTHO, NpUMeHsAeM e,qHHCTBeHHOCTb) H OOTOMY
BMecTe 3afaioT HekoTopyio dyHkumio f: A — B, yiaoBae-
TBOPAOIIYIO PEKYPCHBHOMY ONpeleleHHIO.

CymecTBoBaHe JOKA3aHO; eJUHCTBEHHOCTH TOXKE IO
HATHA, TaK Kak orpaHHdenne 3TOH GyHKIHHA Ha J060H OT-
pe3ok [0, a] KOPPEKTHO H IIOTOMY OJHO3HAYHO OIpeAeaeHO,
KaK Mbl BULeau. >

Ilpex e <1eM MPAMEHHTH 3TY TeOpPeMY W JOKa3aTh, 9TO
U3 [IBYX BIOJHE YIODAJOYEHHLIX MHOXKECTB ONHO ABJIAETCA
OTPEIKOM APYroro, HaM moTpebyeTcs eé HEMHOIO YCOBep-
1IeHCTBOBaTL. HaM Ha o MpefycMOTPeTh CHTYAIHIO, KOT'Ja
PEKYPCHBHOE ITPABWJIO He BCIOAY ompefeneno. IlycTh, Hampu-
Mep, MBI OIIpeJIeIAeM MOCAeJOBATEAbHOCTD NEeHCTBATEALHBIX
qHCces COOTHOIIEHWeM I, = tgZp,_1 W HavdalbHBIM YCJIOBH-
eM o = a. IIpH HeKOTOpPHIX 3HATEHHAX @ MOKET OKa3aTb-
¢, 9TO MOCTPOEeHHE IOCIeJ0BATEIBLHOCTH 06phIBaeTCA, MO-
CKOIbKY TaHT€HC He ONpEeJeIeH s COOTBETCTBYIOMIETO ap-
ryMeHTa.

110. [JokaxuTe, 9TO MHOXECTBO BCEX TaKHX (HCKIIOINTEIb-
HHX» @ (KOrjJa IOCIeloBaTEIbHOCTE KOHEIHA) CIETHO.

AHaTOrHYHAsA CHTYAIUA BO3MOKHA U A OBIIET0 cydas.

Teopema 19. Ilycts oTobpaxkenwe F, 0 KOTOpOM Iuia
pedb B TeopeMe 18, ABAAETCA YACTHYIHBIM (/I HEKOTOPHIX Z
u dynakunit g: [0,2) = B oHO MOXeT GBITh He ONPEEEH0).
Torga cymecrByer dyukuua f, Koropas

o aubo olnpejeieHa Ha BcéM A W corviacoBaHa ¢ peKyp-
CHBHBIM OIIpe/leJleHHEM;

e ybO omNpejedeHa Ha HEKOTOPOM HadalbHOM OTpe3-
ke [0,a) n Ha HEM coOracOBaHa C PEKYPCHBHBIM OIIpe-
[eJTEHHEM, IPUIEM [ TOYKH @ W pyHKIHN f peKyp-
CHBHOE TpaBWiIo HelnpuMeHuMo (oToOpaxkenune F He
OIIpe/IeeHo).
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<] DTo yTBepK JleHHe ABAAeTCA 060bIIeHHeM, HO 0 THOBDe-
MEeHHO W CJIeJICTBHEM TpefbIayiiei TeopeMnr 18. B camom me-
Te, fo6aBHM K MHOXecTBY B crenmanbHbi sneMeHT L («He-
OIPENEIEHHOCTRY ) H MOAH(PHIHPYEM PEKYPCHBHOE TIPABHIO:
HOBOe TIpaBHIO AaéT 3Hadenwe |, Korga crapoe 6bLIO He
onpegenero. (Ecan cpenn 3HadeHAH (DYHKIMA Ha TPEBLTY-
IUX apryMeHTaX yXke BCTpedaloch L, HoBoe peKypCHBHOE
npaBmuiao Toxe gaér L.)

IMpumenus Teopemy 18 k MO UGHUIUPOBAHHOMY TTPABHIY,
noJty 9uM HekoTopyto gpyaknuo f. Ecim 5Ta dpynkuma aurge
He TPHHUMAET 3HadeHus |, To peannsyeTcs mepBad U3 JBYX
BO3MOXHOCTEH, yKa3aHHbIX B Teopeme (npu f = f'). Ecan
we gpyHknua f' npuauMaeT 3Hadenne | B KaKOH-TO TOYKe,
TO OHA UMeeT TO XKe 3HadeHre | W Bo BceX GOJBIIHX TOYKAX.
SamMenus sHadenne | Ha HEONpEAEIEHHOCTh, MBI IOMY9IaeM
n3 pynkumn ' pynxmmo f. ObaacTs onpegenenus (pyHK-
Ui f ecTh HEKOTOPHIH HAavYaabHbIH 0Tpeaok [0,a) H peann-
3yeTcs BTOpasd BO3IMOXKHOCTH, yKajaHHasd B (POPMYIHPOBKe
TeopeMbl. [>

111. ChpopmymmpyliTe W IOKaXHTe yTBepXjeHHEe 06 OIHO-
3HATHOCTH (YHKTWW, 3aJaFHOM 9aCTHIHHM DPeKYDCHBHHIM IIpa-
BHJIOM.

Tenepb y Hac BCé TOTOBO A JOKA3ATEALCTBA TEOPEMbI
O CpaBHEHHH BIIOAHE YTIOPSAJOICHHBIX MHOKECTB.

Teopema 20. Ilycts A w B — nBa BIoAHE YIIOPSA JOUCHHBIX
muoxecTBa. Torga au6o A naoMophHO HEKOTOPOMY HATAIL-
HOMY OTpe3Ky MHOXecTBa B, mu6o B uaoMopdHo HEKOTOpO-
My HAYAIbLHOMY OTDE3Ky MHOXKecTBa A.

<1 OTMeTHM TIpek e BCero, 4To HadalbHBIH OTPE30K MO-
JKeT COBIMANATH CO BCEM MHOXECTBOM, TaK ITO CAydal WIo-
MopdHbIX MHOKeCTB A 1 B Takke MOKpBIBAETCA 5TOH Teo-
pPeMOI.

Onpepennm orobpaxenne f w3 A B B TakuM peKypcHB-
HBIM MIpaBHIOM: s Jioboro a € A

f(a) ecTr HaEMEHBINHHA 271EMEHT MHOXECTBa B, KOTODBIH
He BcTpedaeTca cpejn f(a') npm a’ < a.

STO MpaBWIO He ONpefeJeHo B TOM caydae, KOrja 3Ha-
qenus f(a') npu @’ < a nokpwBaioT Bcé B. IlpuMenas Teo-
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pemy 19, Mbl ony<daeM GYHKITHIO f, COMTACOBAHHYIO C DTHM
paBAIOM. Teneph paccCMOTPHM JBa CIydasd:

o dyukmua f onpegenena Ha BcéM A. 3amMeTHM, 9TO pe-
KyPCHBHOE ollpe/ieJeHHe rapaHTHPYeT MOHOTOHHOCTD,
nockoubKy f(a) onpefgensercs Kak MHHHMAJIBHBII €11e
He HCIIOAL30BAHHLIA SJIEMEHT; 9eM OoJbllle @, TeMm
MEHBIle OCTAETCA HENCIIONB30BAHHLIX DJIEMEHTOB H
MOTOMY MHUHHMAJLHBIN SAEMEHT MOXKET TOJNBKO BO3-
pacTu (M3 ONpefeNeHHs CAEAYET TAKKe, ITO OJHHA-
KOBBIX 3Ha4eHHH ObITh He MoxeT). Ocraéres aumb
POBEPHTD, 9TO MHOKECTBO 3HadeHnl pyHKIHU f, TO
ectb f(A), GyseT Ha9aTbHBIM OTpe3KoM. B camoMm fe-
ne, mycThb b < f(a) mgas HekoToporo a € A; Hajo TpoBe-
PUTB, 9TO b Takke ABAAeTCA 3HaveHneM (pyHKUHH f.
JlelicTBHTENLHO, COTVIACHO PEKYyPCHBHOMY OIIpeee-
U0 f(a) ABAAeTCA HAWMEHBIITHM HEHCIIOAb30BAHHBIM
3HaYEeHHEM, CJe0BaTeNbHO, b yXke HCIIoAb3OBaHO, TO
ecTh BeTpedaerca cpegu f(a’) npu @/ < a.

o Pyukuusa f onpejeneHa JHIIb Ha HEKOTOPOM HAYAdb-
HoM otrpeske [0,a). B aToM ciydae 3TOT HadalbHBIH
oTpeaok uzoMopden B, u yHkiua [ ABAAETCA HCKO-
MBIM H30MopduaMoM. B camoMm fnerne, pas f(a) He onpe-
JleJieHo, TO cpefin 3HadeHni GyHKIUH f BCTpedaioTes
Bce eMeHTh MHOXecTBa B. C gpyro# cropons, f co-
XpaHAET MOPAJOK B CHIY PEKYPCHBHOI'O ONpefejeHNA.

Takum obpazoM, B 060HX cayvdadx YTBepXKeHHe TeopeMbl
BepHO. >

Moxert Ju 66ITh Tak, 9T0 A H3oMopdHO HATATLHOMY OT-
pesky B, a B uzomopdHo HadaabHOMy oTpesky A7 Her —
33 UCKJIIOYEeHNEeM TPUBHAJILHOTO CIydasd, KOrja HavdaTbHbIe
OTPEIKH MPEJCTABIAAIOT cobol camMi MHOKecTBa A 1 B. 910
BLITEKAET W3 TAKOT'O YTBEDK JeHHA:

Teopema 21. Hukakoe BOOHE yHOPSIOTEHHOE MHOKECT-
BO He M30MOP(HO CBOEMY HAYaJbHOMY OTpe3Ky (He coBIa-
JAOIIEMY CO BCEM MHOXECTBOM).

<] IlycTh BrHodHe yhopsjodeHHoe MHOKeCTBO A H3o-
MOPGhHO CBOEMY HAYAILHOMY OTPE3KY, He COBIAIAIONIEMY CO
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BceM MHOXKecTBOM. Kak MbI BHflemn Ha c. 68, TOT oTpesok
umeet Buj [0,a) ansa HekoToporo siemenTa a € A. Ilycrs
f: A—>[0,a) — maomopduam. Torga f cTporo BospacTaer,
u o TeopeMe 17 mMeeT MecTo HepaBeHcTBO f(a) 2 a, 9TO
MPOTHBOPEYHT TOMY, YTO MHOXKECTBO 3HadeHHH byHKIHN f
ectsb [0,a). >

Ecan mmuoxecTBo A W30OMOpP()HO HAIATLHOMY OTPEIKY
MHOXecTBa B, a MHOXKecTBO B maoMopdHO Ha9aibHOMY OT-
pe3ky MHoXecTBa A, TO KOMNOIUIMA THX H3OMOD(PHUIMOB
JAaeT H3oMOphHIM MeX Y MHOKECTBOM A W ero HadadbHbBIM
OTpe3koM (HavdalbHBIH OTPE3OK HAYAIbHOTO OTPEIKA €CTh
HAYaJbHBIH OTPE3IOK). DTOT HAYAIbHBIH OTPE30K 00A3aH CO-
BIIAJAATH CO BCEM MHOXECTBOM A, Tak 9TO 3TO BOIMOKHO
Juiib ecin A u B naoMopdHbI.

CxazaHHOe MO3BOASET CPABHHBATH BIIOJHE YIODAJOICH-
Hble MHOXecTBa. Ecan A maoMopdHO HAYATLHOMY OTDEIKY
MHOXeCTBa B, He cOBIajaiolMeMy co BceM B, TO roBopsaT,
9TO nopadkosblli mun muodcecmea A menbuie nopadkoeozo
muna muoxncecmaea B. Ecain muoxecrBa A u B uzomopdg-
HBI, TO TOBOPAT, YTO Y HAX 00UHAKOGbLE NOPAIKOBbIE TUNDL.
Haxkomnen, ecin B nzoMopdHO HaIaIbHOMY OTPE3KY MHOMKe-
crBa A, TO TOBOPAT, 4TO nopadkoeviti mun muoxcecmsea A
boavute nopadkosozo muna muoxcecmea B. Kax mbr Toabko
9TO [OKA3aJH, BEDHO TAKOE Y TBEDK JEHUE:

Teopema 22. /Ias nr00bLIX BIIOAHE YIOPSAOYEHHBIX MHO-
*®ecTB A 1 B WMeeT MecTO POBHO OJHH W3 YKA3AHHBIX TPEX
CayiaeB.

Ecau BpeMenHo 3a6bITh 0 pobieMax OCHOBAHWH TEOPHH
MHOXKECTB U ONpEASTHTH TOPAAKOBLIA THII YHOPAN{OIEHHO-
D0 MHOXKECTBA KaK KJIacC H30MOPMHBIX eMy YIOpPs JOIeHHBIX
MHOMXKECTB, TO MOXKHO CKa3aTh, 9TO MBI ONPEASTHAH JHHEH-
HBIH TOPANOK Ha MOPAJAKOBBIX THIIAX BIIOJHE YOS IOYEH-
HBIX MHOXECTB (Ha OpOuHaaar, KaK DOBOPAT). DTOT TOpA-
oK OyaeT nmoaasiM. Mbl epeOpMyIUpYEM 5TO YTBEPKIe-
HHe Tak, YT00H W36eraTh YIOMUHAHUA KIACCOB.

Teopema 23. Besikoe HemycToe CeMEHCTBO BIOJHE YIODS-
JOUEHHBIX MHOKECTB HMeeT ¢HAUMEHBIIIHH 3IeMEHTY — MHO-
KeCTBO, H3OMOP(hHOE HAYAIBHBIM OTPE3KAM BCEX OCTATBHBIX
MHOXECTB.
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<] BoabMeéM Kakoe-To MHOXKecTBo X ceMeHcTBa. EciaId oHO
HauMeHbIlee, TO BCE JokalzaHo. Eciu HeT, pacCMOTDHUM Bce
MHOXKECTBa CeMelCTBa, KOTOpLIE MeHbIIe €r0, TO €CTh H30-
MOpP(MHBL €r'0 HA9aIbHBIM oTpe3kaM Buga [0, z). Cpegn Beex
TaKNX DJeMEHTOB T BbibepeM HamMeHbInnH. Torga cooTBeT-
CTBYyIOIlee eMy MHOXKeCTBO H OyAeT HAHMEHBIITAM. [>

CuaefcTBieM [OKa3aHHLIX TEOPEM ABJAETCA TO, 9TO JIO-
6ble [Ba BIIOJHE YIOPAJOYIEeHHLIX MHOXECTBA CPABHHMBI TI0
MOIIHOCTH (O/JHO DPABHOMOIIHO IOAMHOXECTBY [ADYTOro).
Celidac MBI YBHAUM, 9TO BCAKOE MHOXECTBO MOXKET OLIThL
BIOAHE yropsagodeHo (Teopema Ilepmeno), u, cieoBaTeabHO,
Jiobble Ba MHOXKECTBA CPABHUMBL 110 MOIIHOCTH.

2.6. Teopema Llepmeno

Teopema 24 (Uepmeno). Bcesakoe MHOXKeCTBO MOXeT GHITD
BIIOJIHE YIOPAO9YEHO.

<] [loka3aTelbcTBO STOH TEOPEeMbI CYIIECTBEHHO HCIIOMb-
3yeT aKCHOMY BHIOOPA H BBHI3BIBAJIO OOMBIIHE HADEKAHHA CBO-
€l HEKOHCTPYKTHBHOCTHIO. Ha CYéTHBIX MHOXecTBax MoJ-
HBIH HOPAJOK yKasaTh Jerko (mepenecs ¢ N). Ho yxe Ha
MHOKECTBE JEHCTBATENLHBIX THCEN HHKAKOT'O KOHKPETHOTO
HOIHOTO TIOPAKA YKa3aTh He yAaéTcd, H JoKasaB (C moMo-
MBI aKCHOMBI BHIGOPA) €ro CYIIeCTBOBAaHWE, MBI Tak W He
MOXeM cebe ITOT MOPAJOK TIPENCTABATD.

O6mbsicHuM, B Kakoll ¢opMe HCIOIb3YeTCs aKCHOMa BhI-
6opa. [lycth A — panHoe HamM MHOXecTBO. MBI TpUHIMaeM,
9TO cymecTByeT (PyHKIUA (0, ONPe/eTEeHHad Ha, BCeX TI0MHO-
XKecTBax MHoXecTBa A, Kpome camord A, KoTopasd yKalbl-
BaeT OJIMH H3 2JEMEHTOB BHE 9TOIO MOAMHOKECTBA:

X C A= p(X) € A\X.

ITocae Toro, kak Takas (pyHKIUA PUKCHpOBaHa, MOXKHO
HOCTPOUTL MOJHBIA MOPAJOK Ha A, H B 5TOM IIOCTPOCHHH
yXKe HeT HHKaKOH HeoJHO3HA4YHOCTH. BOT Kak 5To felaeTcs.

HanMeHbIIMM BJeMeHTOM MHOXecTBa A MBI 06bABHM
suaeMeHT ag = (). 3a auM uAET saemenT a1 = p({ao});
[0 MOCTPOCHHIO OH OTIHYaeTcA OT dg. ladee clefyeT sie-
MeHT ay = ¢({ao,a1}). Ecau MHOX)ecTBO A GeckoHETHO, TO
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TAKOH IMPOIECC MOXHO MPOAOIKATH H MOJYyIHTH MOCTEMN0-
BaTeabHOCTH {ag, a1, ...} 2aemenToB MuoxecrBa A. Ecin
Moce STOr0 OCTAIOTCA ellé He MCHOMb30BAHHBIE DAEMEHTHI
MHOXeCTBa A, pacCMOTDHM BJeMeHT g, = ¢({ao, a1,az2...})
n Tak OyfeM MpoJoJdkaTh, MOKa Beeé A He KOHYMTCA; KOT/a
OHO KOHIHTCH, MOPAAOK BLIOOPa BJIeMEHTOB W Oy A€ T ITOJHBIM
mopAagkoM Ha A.

Konedano, nocaegnas gpasa Hy&gaeTcad B yTOTHEHHH —
9TO 3HAYAT «Tak OyjAeM NpojosxaThy? BosnmkaeT xena-
HWEe TPHMEHHTH TEOPEMY O TPAHCHUHHTHOH pekypcuum (¥
Hac oveHb MOXOXKad CHTYAlMA: CAeAYIOIMHA 3JeMeHT OIpe-
JeaseTcs PEKYPCHBHO, €CIIH H3BECTHBI Bee peabayiime). 1
9TO MOXHO C/IeTaTh, ECIH ¥ HAC eCTh JPYToe BIIOAHE yIIOPH-
[O9eHHOE MHOKeCTBO B, 1 oAy uThH B3aNMHO OTHO3HAIHOE
cooTBeTCTBHe Jubo Mexay A m gacTtoio B, mubo mexay B
n JacThio A. B mepBoM caydae Bcé xopollo, HO AIA 3TOTO
HaJ0 HMETH BIIOJHE YIIOPAJOIEHHOE MHOXECTBO B 110 Kpaii-
Hell Mepe TOH Xe MOIIHOCTH, 9To 0 A, Tak 9T0 NmoaydaeTca
HEKHU MOPOYHLIH KPYT.

TeM He MeHee M3 Hero MOXKHO BLIATH. MBI cfieqaeM 3To
TaK: pacCMOTPHM Bce MOTeHIHAJbHLIE KYCOYKH Oyayllero
nopsAAKa 0 yOequMcH, ITO HX MOXHO CKIEHTD.

Iycrs (S,<g) — HeKOTOpOE MNOJMHOKECTBO MHOXKE-
crBa A U 3ajaHHLIA Ha HEM NOpPAJOK. BygeM roBOpHTD,
4910 (S, g) ABAAETCA KOppekmublm Ppazmenmont, eclii OHO
ABAAETCH BIOJHE YIIOPAAOIEHHBIM MHOKECTBOM, TIPHIEM

=¢([0,9))

aasg aoboro s € S. 3aech [0, §) — HavATBHBIH OTPE3OK MHO-
HKECTBa S, COCTOANTHH U3 BCEX 2MEMEHTOB, MEHBIIINX § C TOY-
KW 3peHHA 3ajJaHHoro Ha S IopAKa.

Hanpumep, muoxectso {p(&)} ABIfeTCA KOPPEKTHHIM
dparmMenToM (TIOPSJOK 3/1€Ch MOXKHO He YKa3bIBATDb, TaK
Kak @neMeHT Bcero ogua). MuoxectBo {¢(&), o({p(2)})}
(MepBBI M3 BLINMMCAHHBIX BJAEMEHTOB CIATAETCA MEHBIIAM
BTOpPOI'0) Takke ABIAETCA KOPPEKTHLIM (PParMeHTOM. JTo
MOCTPOCHHE MOXKHO NpPOAOAXATL M Aadblle, HO HAM HaJo
KaKuM-TO 00pa3oM «IepecKOYnTby depe3 GeckoHedHoe (m
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O4eHb GOJBIIOE B CMBICAE MOIIHOCTH) YHCIO IArOB 9TOH
KOHCTPYKITHH.

Ilnan Takol: MBI JOKaXeM, 9TO J0ObIE ABa KOPPEKTHBIX
pparmenTa B ONpeIEIEHHOM CMBICJE COTVIACOBAHBI, OCJE -
I'oO PaccMOTPETH OOheHHEHHe BCEX KOPPEKTHHIX (hparMeH-
ToB. OHO 6yjieT KOPpPEKTHHIM W OyJeT COBIAJATH CO BCEM
MHOXeCcTBOM A (B NPOTHBHOM ClIydae ero MOXHO GbIIO GBI
PacIIMpUTh W TIOAYIUThH KOPPEKTHHIA (pparMenT, He BOIIEI-
WHI B 0Ohe[HHEHHE).

JNlemma 1. Tlycrs (S, <s) u (T, <7) — ABa KOPPEKTHHIX
dparmenTa. Torga onuH M3 HUX ABAAETCA HATAILHBIM OT-
PE3KOM JAPYTOT0, IPHYEM MOPAAKH COrIacoBaHbl (/Ba 001X
2UEMEHTa BCE PABHO KaK CDABHUBATL — B CMbICe g WIH B
cMbicae 7).

SaMeTnm, 9T0 no Teopeme 20 ofuH 13 GparMeHTOB H30-
MOpcper HadaaLHOMY OTpe3Ky Apyroro. Ilycth S naomopdgen
HadagbHoMy otpesky T u h: S — T — ux uzoMopdusm.
Jlemma yTBepxnaeT, 9T0 m3oMopduaM b ABJIAETCA TOXJE-
CTBEHHBIM, TO ecThb 9T0 h(z) = z npu Bcex z € S. /lokaxkem
9TO HHAYKUHEH Mo € S (9T0 3aKOHHO, TaK Kak S BIOJHE
YTOPAJOYEHO 1O ONPEEAeHHI0 KOPPEKTHOrO (hparMeHTa).
WHaykTHBHOE TIpeAmonoKeHne rapaHTupyer, 910 h(y) = y
Mg Beex y < . MBIl XOTHM foKa3aTh, uTo h(z) = z. Pac-
cMOTpUM HadadbHble oTpesku [0,z)s u [0, h(z))r (c Tou-
KH 3PeHHsA MOPAAKOB L5 U Lr coorBeTcTBeHHO). OHU CO-
OTBETCTBYIOT APYT APYTY TIpH m3omopduaMe h, mMozToMy
MO TIPe/TIOAOKEHNI0 HHAYKIMA COBNANAIOT KAaK MHOXECTBA.
Ho mo onpegenenuio koppektaocTn = ¢([0,z)) u h(z) =
= ([0, h(z))), Tax uro & = h(z). Jlemma 1 gokasaHa.

PaccMoTpuM 06bequHeHnE BCEX KOPPEKTHBIX (PparMeH-
ToB (kak MHOXecTB). Ha 5TOM 0OBEIHHEHHH €CTECTBEHHO
OTIpeIeAEH JHHEHHBIA TIOPAOK: JVIA BCAKHX [BYX DJIeMEHTOB
HaHAETCA pparMeHT, KOTOPOMY OHM 00a NpHHAJIERAT (Ka-
KL IpHHAMIEXAT CBOEMY, BO3bMEM OOJLIIMH M3 (par-
MEHTOB), TaK 9TO HX MOXHO cpaBHHTH. [lo memme 1 mopsa-
[OK He 3aBHCHT OT TOT0, Kakol ()parMeHT 6yjAeT BLIGpaH
[l CPABHEHHA.

Jlemma 2. D10 06BequHEHHEE OyeT KOPPEKTHLIM (hpar-
MEHTOM.
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Yro6Ll foKa3aTh JeMMy 2, 3aMETHM, 9TO Ha 5TOM 00h-
eIMHEHWH OTIpee/6H JUHeHHBIH nopAgok. OH 6y 1eT MOMHbIM.
Jlasa pasaoobpasrda oOBACHAM DTO B TepMHHAX yOLIBAIOIINX
nocaegoBareabiocred. [lycTb zg 2 €1 > .. .; BO3bMEM KOp-
PEKTHLIH (pparMenT F, KOTOpOMy NpHHAIEXRHT To. U3 nemM-
MBI 1 crienyeT, 9T0 Bee T; Takke NpHHAJeRAT 3TOMY (dpar-
MeHTY (IOCKOABbKY (pparMeHT F OyAeT HaYaIbHBIM OTPE3-
KOM B 1060M GoabliieM (pparMenTe), a F BIIOJAHE yIODANO9EH
MO ONpe/eEHHIO, TaK 9TO IOCJIEA0BATENLHOCTL CTaOMIHIH-
pyeTca. Jlemma 2 mokaszaHa.

YTBepXK AcHHE JeMMBI 2 MOKHO TIepepOpMyaHpOBaTh Ta-
KnM 06pa3oM: CYIIECTBYeT HaHOOIBITHIA KOPPEKTHHIA (hpar-
MeHT. OCTanoch JOKa3aTh, IT0 3TOT GparMeHT (0603HATHM
ero S) BkuodaeT B cebGa Bcé MHOKecTBo A. Ecam § #£ A,
BO3bMEM aaeMeHT @ = ¢(S5), He puHaMIEKAMHE S, 0 A0
6aBHM ero K S, cadTas, 9To oH GOJbIIe BCeX DIEMEHTOB S.
Toay4entoe ynopsagodenHoe MHOKecTBO S’ (cymMma S 1 of-
HORJIEMEHTHOT'O MHOXKeCTBa) Oy €T, O9eBH/HO, BIIOJTHE YIO-
pagodeno. KpoMe Toro, ycioBue kKOppeKTHOCTH TaKXke BhI-
HOAHEHO (VI @ — [0 TOCTPOEHHIO, M/ OCTATbHBIX SIeMeH-
TOB — TIOCKOJBKY OHO OblI0 BeIMOAHEeHO B S). Takum o6pa-
30M, MBI IOCTPOMAN GONLIINN KOPPEKTHBLIN (PparMeHT, 9TO
MPOTHBOPEYHT MAKCHMAILHOCTH S. JTO paccyXIeHHe 3a-
BepIIaeT JOKa3aTelbCcTBO TeopeMbl llepMeno. [>

Kak MbI yxe roBopmin, 3 TeopeMbl Ilepmeso u Teope-
Mbl 20 0 cpaBHEHHH BIOJHE YHOPAAOYEHHBIX MHOKECTB He-
MEJIEHHO BHITEKAET TAKOE yTBEpH IeHHeE:

Teopema 25. W3 A106bIX ABYX MHOKECTB OHO PABHOMOII-
HO TIOJIMHOXECTBY JPYTOro.

IloraTre BHOMHE ynopspodenHOro MuoxectBa BBEX KamTop
B pabore 1883 roga; B ero mroropon pabore 1895—1897 romos
IIPEBOJAUTCA JOKa3aTelbCTBO TOT'O, ITO JIOOHE JBa BIOJIHE YIO-
PSO9EHEBIX MHOXECTBA CPAaBHEMH (0JHO H30MOpPGHO HaIalbHO-
My OTPe3Ky IpYTroro).

YTBepXJeHHA 0 BO3BMOXHOCTH IIOJHOI'O YyHOPSXOIEHAA JI060-
o MHOXECTBa H O CPaBHEHHH MOLIHOCTeH (TeopeMsl 24 m 25)
HEOJHOKPATHO BCcTpedaloTca B paborax KamTopa, HO HmKakoro
BHATHOT'O [JOKa3aTeJhCTBa OH He IMPEeNIOXHI, B OHO OBLIO TaHO
mane B 1904 rogy meMenkmM mMaTeMaTHKoM 2. llepmero.
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2.7. TpanchuHuTHasn uHayKuusa u 6azuc [amens

Brosse ymopsgodentbie MHOKecTBa n TeopeMa llepme-
JO TO3BOMAIOT TPONOMKATL HWHAYKTHBHBIE TOCTPOECHHA B
TpaHCPUHATHYIO 067aCTh (eCAH BBHIPAKATHCA TOPKECTBEH-
HO). TTosicHHM 9TO Ha TIpHMepe U3 THHEHHOH aareSphl.

Besikoe muHEHHO He3aBHCHMOE MHOXKECTBO BEKTODOB B
KOHETHOMEPHOM TTPOCTPAHCTBE MOXET OBITH JOTIOJHEHO MO
basmca. Kak 510 mokaswiBaercsa? Ilycts § — mannoe Ham
JHHEHHO HE3aBHCHMOE MHOXeCTBO. ECim OHO He ABIAETCA
6a3mcoM, TO HEKOTODPHIH BEKTOpD Zy epe3 Hero He BHIpa-
waerca. lobaBum ero k S, MOAyInM JHHEHHO HE3ABHCHMOE
muoxecTBo S U {zg}. Ecain u oHO He sBaseTcs 6azucoMm, To
HEKOTOPBIH BEKTOP &1 Yepe3 HEro He BHIPAXAeTCA, W T. 1.
JIubo Ha KaKOM-TO mare Mbl noay4um Gasuc, Jubo mpolecc
He 060PBETCA M MBI TIOTYIHM GECKOHETHYIO MOCIEOBATE b
HOCTH JHHEHHO HE3ABUCHMBIX BEKTOPOB, YTO TPOTHBOPETHT
KOHETHOMEPHOCTH.

Tenepb ¢ MOMOIIBIO TPAHCHUHATHOH HHAYKIHHA (TOYHEE,
PeKypcHH) MBI H36aBHMCA OT TPeGOBaHHA KOHETHOMEPHO-
CTH.

Ilycte pgaHO TPOM3BOJBHOE BEKTOPHOE MPOCTPAHCTBO.
ToBopaT, 970 MHOXKeCTBO (BOIMOXKHO, GECKOHEIHOE) BEK-
TOPOB AUHEUHO HE3A6UCUMO, €CTH HUKAKasd HeTPHBHAIbHAA
JHHEHHAS KOMOWHAIAA KOHETHOO HCIa BEKTOPOB H3 BTOTO
MHOX€eCTBa He PaBHA HyJ0. (3aMeTHM B cKOOKaX, 9TO DOBO-
PUTH O GECKOHETHBIX JTHHEHHBIX KOMOWHAIIUAX B TPHHIHITE
MOJKHO JHIIb €CTH B TPOCTPAHCTBE OTPeIeNeHa CXO[IMOCTb,
9ero MBI celidac He TpegmonaraeM.) JIHHEHHO He3aBHCHMOE
MHOX€ECTBO BeKTOPOB HasbiBaeTcA 6Oazucosm amean (miam
OpocTO 6a3ucos) JAHHOTO MPOCTPAHCTBA, €CIH TIOG0H BeK-
TOp TIPEJACTABUM B BHje KOHETHOW JHHEHHOH KOMOWHAIIMH
2MEMEHTOB 3TOT0 MHOXKECTBA.

Kax 1 B KOHETHOI CHTYallii, MAKCHMAJTHHOE THHENHO He-
3aBHCHMOE MHOXKECTBO (KOTOPOE CTAaHOBHTCSH JMHEHHO 3aBH-
CHMBIM TIPH N0GaBIeHHH TI060I0 HOBOI'O 2I€MEHTa) ABIAAET-
csl, O9EBHHO, GA3UCOM.

Teopema 26. Besikoe TWHEHHO HE3aBHCHMOE MHOXKECTBO
BEKTOPOB MOXKeT GHITH pacimpeno no Gasuca lamens.
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< Mycrs § — AMHEHHO HE3ABHCHMOE TIOAMHOXKECTBO
BEKTOPHOT'O MpocTpaHcTBa V. PaccMoTpuM BmogHe ymops-
JNOUEHHOe MHOXKecTBO [ HOCTATOYHO GOMBIION MOIHOCTH
(6ouapieit, eM MomHOCTH TpocTpaHcTBa V). Oupeerum
dyuxmuio f ua I 8 V ¢ nmoMomibio TpaHC(UHATHOH DEKYp-
CHH:

f(?) = »aement npocTparcTBa V, He BBIDaXAaKOMANCA JHA-
HEHHO 9epe3 »1eMeHTHI S u 3HaveHAn f(j) npu j < i.

3aMeTHM, 9TO 5T0 PEKyPCHBHOE IPaBHiIo ocTasadet f(i) He-
OTIpeIeIEHHBIM, €CITH TAKOTO HEBHIPDAZUMOTO BJEMEHTA He CY-
wectByeT. (KpoMe TOro, MOXHO OTMETHTB, 9TO MbI CHOBA
HCTIIOJIB3yeM akcuoMy Bbibopa. Bosee mogpoGHo ciegoBato
OBl CKa3aTh TAK: 10 aKCHOME BBHIOOPA CYIIIECTBYET HEKOTOPAdA
byHKIHUA, KOTOpas M0 KaXkJAOMy TIOMHOXKECTBY TPOCTpPaH-
crBa V, Wepes xkoTopoe He Bcé V' BhIpaxaeTcs, yKa3biBaeT
OJ[UH W3 HEBHIPA3UMBIX DAEMEHTOB. 3aTeM 5Ta (DYHKITHA HC-
MONb3yeTCsl B PEKYPCUBHOM OlipeeneHnn. BripodeM, akcno-
Ma BHIOOpa W TaK yikKe HCIOAb30BaHa U JOKA3aTelbCTBa
Teopembl Ilepmerno.)

ATo omnpejelenne TapaHTHpPYeT, 9TO f ABAAETCH WHB-
eKmel; Holee TOTO MOXHO YTBEPKJaTh, 9TO BCe 3HAYe-
HUA [ BMecTe ¢ MHOXeCTBOM S 06pa3yroT THHENHO He3aBH-
cuMoe MHOXecTBO. B camoMm pene, nycTh auHelHas KOMOH-
HAlMA HEKOTOPHIX 3HavMeHWH GHYHKIHNA f W DIeMeHTOB MHO-
KecTBa S paBHa HYT0. MOKHO CIATATH, 9TO Bee KO3dhdu-
[HEHTHl B 3TOH KOMOHHAUWMH OTIHYHBL OT Hyasd (0OTGPOCHB
HyJeBble caaraeMble). Bxogdinne B KOMOHHALHIO 3HAYCHHA
dyaxumn f umeror Bug f(2) npu pazandabix i. [ocMoTpuM
Ha TOT W3 HUX, KOTODPHIH WMeeT HauboabIliee i; o MOCTpoe-
HHIO OH JOMKeH OBbITH JHHEHHO HE3ABHCHM OT OCTATBHBIX —
MTPOTHBOPETHE.

HockonbKy MBI TPEIIOIOKUIN, YTO MHOXKECTBO [ mMe-
eT GOJBIIYIO MOIHOCTD, ¥eM V, peKypCHBHOE ollpejeleHHe
3aaéT PYHKIHIO He HA BCEM [, a TOJIBKO Ha HEKOTOPOM Ha-
qaabHOM oTpeske [0,4), a B TOYKe { PEKYPCHBHOE IIPABHIO
He ompejetero (TeopeMa 19). D10 03HAYAET, ITO BCE BEKTO-
PHL IPOCTPAHCTBA V' BBHIpAKAOTCA deped MeMeHTHl MHOMKe-
cTBa S W anadenns gpyHkun f Ha npomexyTke [0,7). Kpome
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TOT'0, KaK MBI BH/IeMIH, BCe 3TH BEKTOPHI HE3aBUCAMBL. TakuMm
06pasoM, HCKOMBII 6a3uc HaljeH. >

Ha camom jgese MOXHO 0GOHTHCHL 663 MHOXeCTBa GOJb-
el MOIMIHOCTH, YIOPALOYHB caMo mpocTpatcTso V. Ilpn
9TOM Ha KaXJOM Iare peKypcHH Ha o aubo nobaBiaTh ove-
pPeHOH 3MeMeHT K OyjyiueMy Gasucy (ecim OH He BbIpaxa-
eTcd deped IpefbIAYIIHe), THHO OCTABIATH Gasuc Ge3 uaMe-
HEHWH.

112. IIpoBeanTe 3TO paccyxjgeHue noIpobHO.

Basuc l'amena MoxkeT 6BITHL HCIIOAL3OBAH WA MOCTPOE-
HHA Pa3HbIX BK30THYeCKHX NMpHMepoB. BoT HekoToOpble m3
HUIX:

Teopema 27. CymectByeT (Bciogly onpefenéHHas) GpyHK-
maa f: R — R, aqua koropout f(z + y) = f(z) + f(y) npu
BCEX T M ¥, HO KOTOpas He ecTh YMHOXEHHE Ha KOHCTaHTY.

<] PaccMoTpuM R Kak BEKTOpPHOE MPOCTPAHCTBO Ha, [ MO-
aeM Q. B ném ecrn 6asuc T'amensa. Ilycrs @ — ogun us
BeKTOpoB Oazuca. PaccMoTpnM dynkmmo f, KoTopad ¢ Ka-
HKABIM 9HCAOM & (paccMaTpHBAEMBIM KaK BEKTOD B NPO-
crpancTBe R Ha g moneM (Q) comocTaBisgeT ero a-Koop HHATY
(xonbpHIHEHT IPH @ B €HHCTBEHHOM BBIDAXKEHHH Z Yepes
BeKTOpHI Gasuca). Dra pyHKunA auneiHa Hajy Q, nosToMy
flz+y) = f(z)+f(y) ans Beex z,y € R. Ona oTnu+Ha oT Hy-
g (f(a) = 1) 1 npHHAMaeT JTHIIb pAHOHAIBHBIE 3HAYEHHS,
MOBTOMY He MOXeT OBIThH YMHOKEHHeM Ha KOHCTaHTy. [>

113. IlokaxnTe, 9TO BCAKaA PyHKOHA, o0bagaromas yKasaH-
HEIME B TeopeMme 27 CBOMCTBaMHE, He OrDaHWYeHa HE Ha KaKOM
oTpe3ke H, 6oee TOro, eé rpadmK BCIOLY IIOTeH B RZ,

Teopema 28. A napurusabie rpymnns R u R GR uzoMopdHbr
APYL Apyry.

<] Paccmorpum R kak BekTopHOe npocTpancTBo Han Q
u BeIGepeM Gazuc B 5ToM npocrpadcTBe. OdeBuaHO, oH Hec-
konedeH. Baszuc B R @ R MoxeT 6BITH cocTaBieH M3 JBYX
qacTel, Kakjgasd U3 KOTOPBHIX NpefcTaBiseT cobol Hasznc B
onuoM W3 sK3emmispoB R. Kak MBI yBAAUM 49yTH MO3XKe
(cM. paspgea 2.9), mas a06oro GeCKOHETHOTO MHOXKeCTBa B
YBOEHHAA MOIIHOCTH B (MOIIHOCTE 0OheJHHEHHA IBYX He-
[epeceKaonXcs MHOXKECTB, DABHOMOIIHLIX B) paBHa MOLI-
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Hoctu B. Hakownerr, ocTajiock 3aMeTHTDL, YTO MPOCTPAHCTBA
HaJ ONHAM W TeM ¥Ke TIOJeM ¢ PaBHOMOIMHLIMH 6Oa3mcamMu
m3oMopHBI KaK BeEKTOPHBIE MPOCTPAHCTBA U TeM Goree Kak
CPYIILBL. >

114. loxaxuTe, 9T0 M060H 6asmc B mpocTparcTBe R Haj mo-
aeM (Q mmeeT MomEOCTS KoETEEYyMa. (IIpH foKasaTembcTBe mpH-
TOJATCS Pe3yabTaTH pasfeia 2.9.)

Mo Baflean, 9To TpaHChHUHATHAS WHAYKITAA TTO3BOASAET
JOKa3aTh CylllecTBOBaHne 6asnca B JI060M BEKTOPHOM TIPO-
crpadcTBe. Ilpogoiaxas 3Ty AMHHIO, MOKHO A0KA3aTh, 9TO
Jio6bie Ba 6a3uca BEKTOPHOTO TPOCTPAHCTBA PABHOMOIIHEL.
(Taxknm o6pa3oM, IOHATHE Pa3sMEPHOCTH KaK MOIIHOCTH Ga-
3UCA KOPPEKTHO OMpeleleHo W s 6eCKOHeTHOMEPHBIX BEeK-
TOPHBIX MpPOCTpaHCTB.) MBI BepHEMCA K 9TOMY IO3XKe, Ha
c. 95 (Teopema 36).

OrMernM, 9To cyiecTBoBanme Gasuca [aMens MOXKHO
HCTIONB30BATH W ¢B MHPHBIX [IEJIAXY, 8 He TOABKO IS IIOCTPO-
eHHUA SKIOTHICCKUX puMepoB. HaBecTHas «TpeThs mpobie-
ma ['mapbepTay cocTosna B JOKa3aTeILCTBE TOrO, ITO MHO-
POTPAHHUKH PABHOTO 06bEMa MOTYT He GBITH PABHOCOCTA-
BJEHBL. (DTO 3HAYHT, YTO OJHH U3 HAX HeMb3s pa3pe3aTh Ha
MEeHBIIHe MHOTOTDAHHUKH W CIOKHTH W3 HUX ADPYTOH MHOTO-
rpaHHEK.) (A8 MHOTOYTOABHHKOB HA TUIOCKOCTH CHTYAllHsd
HHAA: €CJH JBa MHOTOYT'OJbHHKA DABHOBEMTHKH (MMEIOT paB-
HYIO TITOMIAb), TO OHH PABHOCOCTABIEHHI.

Teopema 29. Ky6 menbas paspesaTb Ha 9acTH, U3 KOTO-
PBIX MOXKHO GBLIO 6B COCTABHTE IPABHIBHBIH TeTpasap (He-
3aBHCHMO OT 00BEMa TIOCIEHETO).

<] Beeaém nouarune ncesdoobvéma muororpannnka. Kak
i 00BEM, MICEBO0GBEM Oy eT an nTHBeH (ecqu MHOTOT'DaH-
HHK pasbuT Ha YacTH, CyMMa HX MCeBA0OGBEMOB paBHA
HCEB00OGBEMY HCXOJHOTO MHOT'OTDAHHHKA); TICEB00GHEMBI
paBHBIX MHOrOrpaHHWKOB OyayT pasubl. Orciofa cieayer,
9TO MCeBAOOGBEMBI PABHOCOCTABICHHBIX MHOTOTDAHHHAKOB
6yayT paBHbl. Mbl mog6epéM ICeBAOOGBEM TakK, 4TOOLL ¥
kKy6a OH paBHAJICA HYJIIO, a y TeTpasipa HeT — W J0Ka3a-
TeALCTBO Oy[eT 3aBepIileHo.

IceBq006BEM MHOTOTPAHHHKA MBI ONIPEIETHM KaK CyM-
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My Y Lip(a;), rae cymMa Gepérea mo BceM péGpaM MHOTO-
rpannunka, l; — gimna i-ro pebpa, a; — ABYTPaHHLIA yroda
npu 9ToM pebpe, a ¢ — HekoTopad dpyHkIuA. Takoe onpe-
[leJeHne aBTOMaTHYeCKH TapaHTHPYET, 9TO paBHbIE MHOTO-
IPaHHUKH HMET paBHbIE MCeBA0OOBEMBL. UTO HyXHO OT
dbyuxiun p, 9Tobbl nceBgoobBEM Gbi aggaTuBeH? Ilpen-
cTaBUM cebe, ITO MHOTOTPAaHHHK Pa3pe3acTcA INIOCKOCTHIO
Ha JBe 9acTH, H INIOCKOCTH MTPOXOAUT Yepe3 yKe HMEOIIeecH
pebpo aamnb [. Torga nByTrpaHHBIN Yroa @ TIpH 5TOM pebpe
pasbuBaeTcs Ha gBe 9acTh S u 7. [lo3ToMy B BLIpax)eHHH 1A
HCeBI006BEMaA BMeCTO caaraeMoro lp(a) noaBasioTes caara-
embie 1p(B) +1lp(y), u ¢(a) gonxao paBaaThesa w(B) +¢(7).
Kpome Toro, paspesaroias IIOCKOCTb MOXeT 06pa3oBaTh
HOBOe pe6po, MepeceKInch ¢ Kakol-To rpanbio. O6osHadanm
nauHy 3Toro pebpa 3a l'. Torga B nceBnoo6bémMe moABATCA
caaraembie !'p(a) + Up(m — a) (aBa obpasoBaBimxcsa nBy-
CPaHHBIX yTJa JOMOJHHTEABHbI), KOTOPHE B CYMMe [OJKHBL
PaBHATLCA HYJIO.

Tenmepb fcHO, KaKMMH CBOMCTBAMH [AOJXAHA 0OIa1aTh
dyuaxuna . HyxHo, 91066 9(8 + ) = ¢(B8) + ¢(¥) u aTo-
6u1 (m) = 0. Torga nceBRo06BEM OyieT H BIPAMB alJHTH-
BeH. AKKypaTHad mpoBepka TpeOyeT TOYHOI'O ONpeedeH A
HOHATHS MHOTOTDaHHHKA (4TO HE TaK H IPOCTO), H MBI €€
npoBoAuTL He 6ygeM. HarmagHo ajgfuTHBHOCTH KaxkeTcd
OYEBHHON, OCOOEHHO €CIH Y9IeCTh, ITO BCE Pa3pe3bl MOXK-
HO TPOBOJHTH TUIOCKOCTAMHA (IIPH 5TOM MOTYT HOLY IHTHCA
GoJee MeJIKHe 9acTH, HO 9TO He CTPAIIHO).

Hrak, ana 3aBepllieHHA paccyk/eHHA [AOCTATOIHO MO-
crpouTh GyHkuio ¢: R — R, nus koropoi

o 0(B+7) =9(B) + ¢(7) maa Beex B,y €R;

e p(m) = 0 (3TO CBOHCTBO BMecTe ¢ NPEALIAYIIMM Ia-
PaHTHPYET aJHTHBHOCTD TICEBAOOOBEMA);

o p(m/2) = 0 (ceBAOOGHEM Kyba paBeH HYJIIO; 3TO CBOM-
CTBO, BOPOYEM, JErKO CAeNyeT U3 JBYX MPEbLIYIINX);

o p(#) # 0, rae § — aByrpaHHBIN yroa npH pebpe npa-
BHJIBHOT'O Te€TPasfpa.
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CyliecrBento 3jecb TO, 4To oTHOLleHue /7 uppaiu-
onanbho. [Iposepum 5T0. BBICOTHI ABYX COCEMHMX T'DaHeH,
omyllleHHbLIe Ha obllee pebpo, 06pasyioT paBHOOGEIpPEHHLIA
TPEYTOIbHIK cO cTOpoHaMu V'3, V3, 2; Hao JOKa3aTh, 9TO
YIJIBI 3TOT0 TPEYTOAbHIKA HECOU3IMEPHMHI ¢ T. Y fo6Hee pac-
CMOTpPETH He f, a NPYrOH Yyrol TpeyrodbHuKa ([ABa ApYrux
yriia TpeyrolbHHKa paBHbI); o6Go3HaduM ero . Jto yron
PAMOYTOIBHONO TPeyroabHAKa co cTopoHamn 1, v/2 i /3,
Tak ato (cos B + isin B) = (1 + /=2)/v/3. Ecan 611 yroux 6
6B couaMepuM ¢ T, To U  6bll 6B COM3MEDPHM, TTO3TOMY
HEeKOTOpad CTeNeHb DTOr0 KOMILIEKCHOT'O YHCJAa PaBHANACH
61 equnnnie. MOXKHO TTPOBEPHTH, OJHAKO, ITO DTO He TakK,
IOCKOMBKY KOJIBIO THCEX BHAA M+ ny/—2 (m,n € Z) eBxau-
[OBO H PA3JOKEeHHe Ha MHOKHUTEIH B HEM OJHO3ZHATHO.

Maabheiinee mpocTo: paccMoTpuM ducia m w 6. Owun
He3aBHCHMBI KaK 3JeMEHTH BeKTOPHOT'O MpOCTpaHcTBa R
mag Q, gomoanum ux go 6azuca u paccMoTpumM Q-THHEHHLIA
dyuximonan ¢: R — Q, paBubii koaddunuenty npu 6 B
pasgoxeHun mo sromy Gasucy. OdueBnjHO, Bce TpeboBaHMA
TIpH 3TOM Oy Iy T BBHITIOJHEHHI. [>

115. ITokaxnTe, 9T0 HEKOTOPOE YCIOKHEHNE DTOI'0 PAcCy X Je-
HAS N03BoIAeT 060HTHCH 6e3 6asmca ['amens: gocraTodno ompe-
IelATh ( He Ha BCeX AEHCTBHTEILHHX 9HCIAaX, & TOIBKO Ha JH-
HEWHHIX KOMOHHAOWAX YIJOB, BCTPEYAlOUINXCA NPH Pa3pe3aHnn
Kyba u TeTpadgpa Ha IacTH.

2.8. llemma LlopHa u ee npumeHeHus

B coBpeMenHBIX y4eOHHKAX peNKO BCTpedaeTCA TpaHC-
bUHUTHAA HHAYKIHA KaK TAKOBAA: OHA 3aMEHAETCSA CCHLIKON
Ha Tak HadbiBaemyio Jemmy llopma. Celitac MbI okaxeM,
KaK 3TO flejaeTcsd, Ha IpUMepe TeOpeMbl O CYIIeCTBOBAHHH
Ha3uca B THHEHHOM MPOCTPAHCTBE.

Teopema 30 (nemma Uopna). Ilycts Z — gacTudno yoops-
MOYeHHOEe MHOXECTBO, B KOTODPOM BCAKasd Liellb UMeeT BepX-
Hofo rpaddlny. Torga B 3TOM MHOKeCTBe €CTh MaKCHMAJlb-
HBIH DIeMenT, W, 6oiee TOTo, A AI060T0 iIeMeHTa a € Z Cy-
IIECTBYET DAEMEHT b 2 a, ABAAIOMIAACA MaKCHMAJTHHBIM B 7.
(ITens — 5To0 MOAMHOKECTBO, MIOOHIE BA DIEMEHTA KOTODO-
o cpaBHUMGBL. BepxHsis rpaHula menn — 30eMeHT, GOMbIITni
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HIH PABHBIH JI06G0T0 BIeMEHTa [IETIH. )

<] llpex e BCcero 0OTMETHM, 9TO 7 JHIIL TACTHIHO YTIO-
pANOYEHO, TIOPTOMY HAJO Pa3indaTh MaKCAMAJbHbIE H HaW-
Goabinne 3aeMedThl. [lo 3TolH Xe TpUYHHE MBI BHIHY K JeHbI
yIoTpebIATh TpPaMMATAYECKH HEKOPPEKTHYIO KOHCTPYKITHIO
«GOMBIIMH HIH PAaBHBIH J1060T0 (M1060My 7))y, TOCKOABKY CKa-
3aTh ¢He MeHbIIE JTG0roy (CTAH{APTHBIH BBIXO/ H3 TTONOXKe-
HUA) 03HAYAI0 Obl H3IMEHHTH CMBICH.

Jloka3zaTeabCcTBO IOBTOPAET PACCYXK IeHHA TTPH TOCTPOe-
HuH Gasuca, HO B Gosee oOIIeH cHTyaunu (Tenepb y HacC He
JHUHEHHO HE3aBHCHMBIE CEMEHCTBA, a TIPOU3BOILHBIE DIEMEH-
THL 7).

IlycTs gaH mpom3BodbHBIH 3deMeHT a. Ilpegmosoxunm,
9TO He CYIMEeCTBYET MAaKCHMAJBLHOT'O 3JAeMeHTa, GOJbIIero
WIH PaBHOTO @. JTO 3HAYWT, ITO Aid dwoboro b > a Hal-
pérca ¢ > b. Torga ¢ > a u noromy Haugerca d > ¢ M T. 1.
IIpomomnxas 3TOT mMpollecc AOCTATOYHO AOIT'O, MBI HCIEPITa-
eM Bce DJIeMEHTHI 7 W NPHAEM K TIPOTHBOPETHIO.

IIpoBeaéM paccyxjeHne akkypaTHO (ITOKa 9TO MBI fja-
e He HCTIONb30BAIH YCIOBHE JEMMBI, Kacaolleecs Iered).
BoabméM BrodHe ynopsAgodeHHoe MHOKeCTBO | JoCTaToIHO
Goubinoi MotHocTH (Goabiel, 9eM MomrHocTh 7). [locTpo-
HM cTporo BospacTaiomyto ¢yukuio f: [ — Z no TpaHc-
dunuTHOM pekypenn. Eé sHadenne Ha MUHHMATHLHOM DAeMEH-
Te I 6yaeTr paBHO a. [Ipeamonoxnm, ITo MBI y&Ke 3HAEM BCe
e€ BHAYEHWA HA BCEX BAEMEHTAX, MEHDLIIHX HEKOTOPOro 1.
B cumy MOHOTOHHOCTH DTH 3HAYEHWA TOMAPHO CPABHHMBL.
IlopToMy cymmecTByeT WX BepxXHsAA T'paHWIA §, KOTopas, B
9aCTHOCTH, Goabllle WX paBHa d. Bo3abMEM KakKOW-TO 3ie-
MeHT t > § U nonoxuM f(i) = t; Mo MOCTPOEHHIO MOHOTOH-
HOCTL cOXpaHuTcs. Tem caMbiM I paBHOMOIIHO YacTH 7, ITO
TIPOTHBOPEYHT €TI0 BLIGODY.

B sToMm paccyx gennu, GopMaIbLHO TOBOPA, eCTh mpoben:
MBI OJHOBpEMEHHO ompefeiseM (GYHKIHAIO MO TpaHCchUHHT-
HOH PEKYyPCHH U JOKA3BIBAEM €6 MOHOTOHHOCTD ¢ IIOMOIIBIO
TpancuHATHON WHAYKIHH. Hallle pekypcuBHOe olpejene-
HHe UMeeT CMBICH, JHIIb €CTH YKe TOCTPpoeHHaA JacTh hyHK-
WA MOHOTOHHA. POPMATBLHO I'OBOPS, HA IO BOCTIONB3OBATHLCA
Teopemon 19, cauTas, 9TO caeAyIOllee 3HAMEHNE HE OIpee-
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JIEHO, ECJTH YK€ TIOCTPOEHHBLIH YIacTOK He MOHOTOHEH, H TI0-
JY9IATH (PYHKITHIO, OTIPEAEIEHAYIO Ha BCEM | MM Ha HA9a b
HoM oTpeske. Ecim oHa onpejieseHa Ha HEKOTOPOM Hadalb-
HOM OTpe3Ke, TO OHA MOHOTOHHA Ha HEM IO MOCTPOEHHIO,
MOBTOMY CJeAyIoee 3HATEHHE TOXKE OINPE/eTeH0 — TIPOTH-
Bope4due. >

Kak u npm mocrpoennn Gasuca lamens (samaga 112,
c. 83), MoxkHO 0GOHTHCH Ge3 MHOXKeCTBa GOMBIIEH MOIIHO-
cTr. Brionne ynopagoanM MHOKECTBO Z © MOMOIIBIO Teope-
MBI [lepMeno. DTOT MopAAOK HUKaK He CBA3AH C MCXOHBIM
MOPAAKOM Ha Z; MBI 6yjeM 0603Ha9aTh €ro CAMBOJOM .
ITocTponM ¢ momolbloO TPaHCPUHATHON peKypcun (PyHK-
maio f: Z — Z ¢ rakumu coicTBamu: (1) f(z) > a pua
aoboro z € Z; (2) f MOHOTOHHA B CAEAYIOIIEM CMBICTE: €C-
m z <y, 1o f(z) < f(y); (3) f(z) He MOoxeT 6GBITH CTpOrO
MeHbIIIE z (B CMBICJE HCXOMHOTO TOPAIKA £ ) HU IPH KAKOM Z.

Menaercs sTo Tak. 3HadeHwe f(20) AnA <-HaMMeEHbBIIETO
PIEMEHTA zy MBI OAOKHM PABHBIM THOO @, 160 zg (Mocaes-
Hee — eclu zg > a). SHadeHue f(z) J4id oCTAIbHBIX Z €CTh
1160 BepxHsA rpanuia 3nadenun f(z') mpm 2’ < z (o npen-
MOJTOXEHHIO HHAYKITHA MHOKECTBO TAKHX 3HATCHHN JHHEHHO
YTIOPAA09eHO U TIOTOMY HMeET HEKOTOPYIO BEPXHIOK T'DaHH-
oy @), 6o caMo z (TockefHee — eciu z > a).

B cuny MoHOTOHHOCTH MHOXKeCTBO 3HAYeHHH (hyHKIHN f
JHHEHHO YTOPAAOYEHO M HMMEeT BEPXHIOK T'PaHHIy. IJTa
rpaanna (o6osHadnuM e€ ) Goablile Wi paBHa @ (KOTOpOe
ecTb f(20)) u ABAAETCA HMCKOMBIM MaKCHMAJIbHBIM SIeMeH-
ToM: ecint B < z gas HekoToporo z, To f(z) £ B < z, 9T0
OPOTHBOPEYHT cBOHCTBY (3).

116. IIpoBeamTe 3TO paccyxgeHue 1oIpobHO.

Tereph MOBTOPHUM 0Ka3aTedbCTBO TeopeMbl o 6a’n-
ce, ucronbaysa demmy lopra. Ilycrs V' — mpomaBoabHoe
BeKTOPHOE TPOCTPaHCTBO. PaccMOTpHM JacTHIHO YIIODA 0-
YEeHHOE MHOXKECTBO £, COCTOAIIee W3 THHEHHO HE3aBHCHMBIX
noaMHoKecTB npocTpancTBa V. llopsagok wa Z 3amaércs
OTHOIIIEHHEM «OBITH MOJAMHOKECTBOMY.

IIpoBepuM, 9TO YCAOBHS TeMMHBI BHITIONHEHB!. IIycTh nMe-
eTcs HEeKOTOpad [ellb, TO eCTh CeMeHCTBO JHHEHHO He3aBH-
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CHMBIX MHOXECTB, IPUIEM JI00bIEe B MHOXKECTBA 3TOTO Ce-
MercTBa cpaBHAMBL. O6beUHAM BCe 5TH MHOXECTBa U MTOKa-
KEM, ITO MTOJYIEHHOE MHOKECTBO OyAeT JHHENHO HE3ABHCH-
MBIM (T€M caMbIM OHO Oy/leT BepXHEH IDaHHIEH SJIeMEHTOB
nemu). B caMom jgene, HeTpuUBHAAbHAA JHHEHHAA KOMOHHA-
OUA BKJAIOYAeT B ceb Kakoe-TO KOHEIHOe IHCIAO BEKTOPOB,
KaX Bl U3 CBOENO MHOXECTBA. JTHX MHOXKECTB KOHEUHOE
YUCIO, W TIOTOMY CPejjil HUX eCTh HauboAbIlee IO BKJIIOYe-
HUIO (B KOHEYHOM JMHEHHO YIIODANOYeHHOM MHOXECTBE €CTh
HaHOOJIBIIHH IEMEHT). DTO HAHOOIbIIee MHOKECTBO CONED-
KUT BCEé BEKTOPHLI HETPUBHAJILHOH JWHEHHOH KOMOWHAIHH,
W JUHENHO HE3aBHCHMO TI0 MPEATIONOXKEHHIO, TaK ITO HAallla
HeTPUBHATbHAA JUHENHAA KOMOWHAIMA OTANIHA OT HyJA.

Taknm o6pa3zoM, MOKHO NPHMEHHTHL Jemmy lloprHa u
3aKMI09HTD, 9TO JA1060€ JHHEHHO HE3aBHCHMOE MHOXKECTBO
BEKTOPOB COEPAHUTCA B MAKCHMAILHOM JHHEAHO HE3ABHCH-
MOM MHOXKeCTBe BeKTopoB. K HeMy yXe Heabaa mo6aBHTD
HH OHOTO BEKTOPa, HE CO3/jaB JHHENHOW 3aBHCHMOCTH, W
OHO ABJIAETCA HCKOMBIM 0a3HCOM.

AnamormaHeEIM 06pa3’oM MOXKHO [JOKa3aTh CyIeCTBOBa-
HHe OPTOTOHAJLHOTO 6a3Hca B THALOEPTOBOM MPOCTPAHCTBE
(Tam onpegenenune Gasnca Apyroe: pasperanTcsa GeCKOHed-
Hble JWHEHHBIE KOMOWHAI[MH, TIOHHMAaeMble KaK CYMMBI pA-
[IOB) WM CYILIECTBOBaHHe Ga3nca TPAaHCIEHEHTHOCTH (MakK-
CHMaJabHas ajJrebpandeckn He3aBHCHMAA CHCTEMA, DJIeMEHTOB
B PACIIUPEHIH TIOJeEH).

MEbr npuBeiéM ApPYTOH IpUMep MpHMeHeHHA JeMMBI Llop-
Ha, Tje (PUTyPHPYIOT yXKe M3BECTHBIE HAM TTOHATHA.

Teopema 31. Bedkult 9acTHYHBIA TTOPAJOK MOXeT GbITH
MPOJOIXKEH /IO JUHEHHOTO.

< Hycrb (X, ) — 9acTHYHO yIOPAJOIEHHOE MHOKECT-
Bo. TeopeMa yTBepxjaeT, 9TO CyINIECTBYET OTHOIIEHHE ITO-
pagka <’ ma X, mpojomxatlee HCXoAHOe (9TO 3HAYAT,
9T0 £ £ Yy = ¢ <’ y) W ABAAROLIeecs OTHOIIECHHEM THHEHHO-
ro nopagka. (KeraTi, orMeTnM, 9TO CI0BO «IHHEHHOTO» B
popMyJSHpOBKe TEOpEMBLI HeJdb3d 3aMEHHTL Ha CJIOBO (OJ-
HOT'O» — HAIPUMEP, ECJHH UCXOHLIA TTOPA 0K JUHEHHBIN, HO
He TIOMHBI. )

ToTopsck kK npuMeHennto JeMMET [fopHa, paccMoTpHM da-



20 Ynopadouennvie mnosxcecmen [ra. 2]

CTHYIHO YTIOPAJOIEHHOE MHOKECTBO 7, DleMEHTAMH KOTOPO-
ro GyAyT dacTHIHbIe TOPAAKH Ha X (TO €CTh TOAMHOXKe-
crBa MHoxecTBa X X X, obuagalomue cBoicTBaMu pediiek-
CHBHOCTH, TPAH3WTHBHOCTH H aHTHCHMMETPHYHOCTH), YIO-
pAOYEHHBIE 0 BKAKOYEHHIO: €1 CYATACTCA MEHBIIUM WK
paBHBIM <32, ecii K2 mpogomkaeT €1 (M3 z <1 y caeny-
eT z L2 ¥).

Jlerko npoBepuTh, 9T0 ycaosue aemmbl [lopaa Bomonne-
HO: €C/IM ¥ HAC €CTh CEMENCTBO YaCTHIHBIX TTOPAAKOB, JHHEH-
HO yTIOPAAOYEeHHOE TI0 BKJAIOYEHHIO, TO OOLeJUHEeHHe DTHX
MOPAAKOB ABAAETCA 9aCTHIHBIM TOPAJKOM, W 3TOT IOPA-
Mok OygeT BepxHell rpanuied cemeiicra. (IIpoBepnm, Ha-
npHMep, 9To obbegnHenne 0613 jaeT CBORCTBOM TPaH3NTHB-
HocTH. [TycTh z 1 ¥ B O/JHOM H3 HOPAAKOB ceMelcTBa (K1),
a y <2 z B IPYrOM; OJIHH U3 TIOPAAKOB (HalpuMep, 1) Opo-
JOMKaeT Opyrou, Torga £ <1 y <1 2z W moToMy & £ 2
B 06bequHeHnn. PeduekcnBHOCTL W aHTHCHMMETPHIHOCTD
IPOBEPAIOTCA CTONb e IPOCTO.)

CaenoBaTeanno, no gemme lloprna Ha maOXecTBe X Cy-
MECTBYET MAaKCHMAAbHLIH 9acTHIHLIA MOPSAJOK, TPOAOIKa-
ol uexogHbi. O6o3HadnM ero kak £ (MyTaHHIBL ¢ HC-
XOJIHBIM TIOPAKOM He BO3HHKHET, TaK KaK WCXOAHLIA Ham
Gouablie He HyX)eH). HaM Hajo MoKasaTh, 9TO OH GyeT JTH-
nelnbiM. IlycTh z,y € X — jgBa HecpaBHUMBIX 2/€MeHTA.
Paciuupum nopsaok o HoBoro nopsaka <, Ipu KOTOPOM
z ' y. OToT HOBBHIH NOPAJOK olpefeiseTca Tak: a < b,
ecin (1) a < bwn (2) ¢ € z uw y < b. Hecsroxkuo npo-
BepUThb, 9To ' 6yJeT JacTHIHBIM NopAAKoM. Peduexcus-
HOCTb odeBuaHa. TpanzurupHocTh: ecaum @ <’ bu b < ¢,
TO €CTh YeThIpeé BO3MOKHOCTH. Ecan B 060X caydasx mMe-
eT Mecto cay4ait (1), To a € b £ ¢ n Bcé oveBugno. Ecan
a'beomy (1),abgencury (2), oabgzu
y £ ¢, Tak 9r0o a <’ ¢ B cuay (2). AHanorudHo paccMma-
TPHBAETCA W CHMMETPHYIHBIN crydai. Hakonen, aBykpaTnas
cchiKa Ha (2) HeBO3MOXKHa, Tak Kak Torga (a € z), (y < b),
(b £ z) u(y <€ e), n nonyvaerca, 9ro y < b £ z, a MBI Ipes-
noJaraif, 9T0 £ W § He CPaBHUMBL. AHTHCHMMETPHIHOCTH
NOKasbiBaeTCA aHajdorudHo. TakuM o6pa3oM, oTHolueHne </
6yeT YaCTHYHBIM IOPAJKOM, CTPOI'O COAEPKAIMM &, 4TO
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MMPOTHUBOPEYTAT MAKCHMAJTHLHOCTH. [>

117. [ToxaxmnTe, 9T0 M060€ GHHAPHOE OTHOIIEHHE 6€3 MTHKIOB
(mmka o6pasyercs, ecim ¢ Rr, wm t RyRe, wm tRyRzRz mt. 1.)
MOXeET GHTbH HPOJOMIKEHO O JHHEHHOro mopszka. ([af xomeds-
HEIX MHOXECTB IORCK TaKOI'0 HPOJOJXKeHWS OGHYIHO Ha3HBAIOT
¢TOIOJOTHIECKOH COPTHPOBKOM). )

118. MHuoXecTBO Ha IIOCKOCTH HA3HIBAETCHI BHINYKALIM, €C-
/M BMeCTe C JI00HMA IByMfA TOYKaMH OHO COJEPKHT COETUHSIIO-
WK HX OTPe30K. [lokaxwuTe, 9T0 AI06HE IBa HEMEPECEKAIOIHX-
Cf BHIIYKIHX MHOXECTBa MOXHO Pa3felNTh IpAMON (Kaxjgoe
MHOXECTBO JeXHT II0 OJHY CTOPOHY OT IPSAMOK, BO3MOXHO, TIe-
pecekasch ¢ Hel). (Ykaszamme. Ucnomsays semmy Ilopra, MoxHO
PacUmpuTh UCXOJHHE HelepeceKamommecs MaEoOXecTBa A m B 1o
B3aFMHO JONOJHATEIHEHX BHIYKIEX MEOXecTB A’ m B’. 3arem
MoXHO y6emuThCs, 9TO rpammna mexay A’ m B’ mpegcrapiser
Co60H IpAMYIO.)

2.9. CeoiicTBa onepauum Hafl, MOLHOCTSIMHU

Temepb MBI MOXEM OKA3aTh HECKOALKO yTBEPAAeHUH O
MOIIHOCTAX.

Teopema 32. Ecan A GeckoHedHO, TO MHOMKeCTBO A X
x N pasHoMotHo A.

<] Broane ymnopsagoanm mHOXecTBo A. MBI yXe 3naem
(cM. c. 66), 9TO BeAKHI 2MEMEHT MHOXeCTBa A OJHO3HATHO
NpeACTaBAAETCA B BHAE 2+ N, TJe 2 — NpPe/ebHBI 3eMeHT
(He MMeOIMI HENOCPEACTBEHHO MPEABIAYIErO), a n — Ha-
TypaJbHOE 9HCJAO0. DTO O3Ha4YaeT, 9To A paBHOMomHO B X
x M, rre B — MHOXeCTBO TIpefenbHBIX aeMeHTOB. (TyT
ecTh Heboabllad TPYAHOCTh — MOCJAENHAA T'PYIIIE SAeMEH-
TOB KOHEYHA, ECIH B MHOXKECTBE €CTh HAHOOBITHI SJ6MEHT.
Ho MBI yxe 3naeM, 9To fobaBieHne KOHETHOT'O HAH CIETHO-
'O MHOKECTBa He MEHAET MOIIHOCTH, TaK 9TO 9THM MOMKHO
npereGpedn.)

Tenepb yTBepHaeHne TeopeMbl odeBugao: A X N pasHo-
motao (B X N) x N, To ecth B x (N x N) u Tem cambim B x N
(mpomaBejieHe CIETHBIX MHOXKECTB CYETHO), TO ecTh A. [>

ITo Teopeme Kanropa—Bepuinreiina orciojga cileayer,
9TO MPOMERYTOYHBIE MOIIHOCTH (B dacTHocTH, |A| + |A|,
a Takxke M060e Tpou3Be/ieHHe A H KOHETHOIO MHOXKECTBA)
cosnagaior ¢ |A|. Eiué ogqHo caefcTBHE NONE3HO BbISAUTD:
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Teopema 33. Cymma nByX 6ECKOHETHBIX MOITHOCTEH paB-
Ha MX MaKCHMyMY.

<] Ilpexge Bcero HamoMHUM, 9TO JIOOHE JBE MOIIHO-
CTH cpaBHHMBI (Teopema 25, c. 80). Ilycth, ckaxeum, |A| £
< |B|. Tora |B| < |A| + B] < 1Bl + B < Bl x R =
= |B| (nmocaegnee HepaBeHCTBO — yTBEpDKJEHHE NPEBIAY-
el Teopembl). OcTaTes BOCTIONB30BaTHCA TeopeMoi KaH-
Topa— BepHinrreitna u sakawoquTh, o |B| = |A+ B|. >

Tenepb MOXHO f0Ka3aTh 6ojee CHILHOE YTBEPHK JEHHE.

Teopema 34. Ecau A Geckonedno, To A X A paBHOMOII-
o A.

<] 3aMeTHM, 9TO 1A CYETHOIO MHOXKeCTBa (Kak, BIPO-
9eM, | UL KOHTHHYYMa — HO BTO Celidac He BaXKHO) MBI 5TO
yxe saaem. [lopTomMy B A ecTh MogMHOKeCTBO, PaBHOMOII-
HOe CBOeMy KBajpaTy.

PaccMoTpuM ceMeRCTBO Bcex TaKWX MOAMHOKECTB BMeE-
CTe C COOTBETCTBYIONIMMH OHEKIIMAMH. JJIEMEHTAMH 3TOTO
ceMelicTBa 6yayT mapet (B, f), roqe B — nogMuoxecTso A,
a f: B - B x B — B3aWMHO OJHO3HAYHOE COOTBETCTBHE.
BBegéM Ha 5TOM ceMelicTBe 9acTHIHLIE mopsagok: (B, fi) €
£ (Bg,fg}, ecan By C By u orpanutenue orobpaxenus fa
Ha By coBmajgaer ¢ fi (puc. 6).

B,

B,

B,

By

Puc. 6. Orobpaxenne f; — B3aHMHO OJHO3HAYHOE COOTBET-
CTBHE MEXJy MaJbiM KBaApaTOM H €r'0 CTOPOHOI; fo moba-
BJfeT K HeMY B3aMMHO OJHO3HAYHOE COOTBETCTBHE MEXK Y
By \ Bz u ¢yroakom» (By x Ba) \ (B1 x Bi).

Temept npumenum demmy Hopwra. [l aToro ayxmo y6e-
[JUTBCA, ITO JI000e INHENHO YHIOPAfOIeHHOe (B CMBIC/IE OIIH-



[m. 9] Csoticmea onepayuy Had MOUHOCTNAMY 93

CaHHOTO MOPAJKA) MHOXKECTBO NAp YKa3aHHOTO BH/a HMe-
eT BepxXHIOIO Tpanuiny. B camoMm gese, o6beAnHAM BCe TEp-
BblE KOMIIOHEHTHI 9THX TIap; MycThb B — mx obbequHeHne.
Kak 06br4H0, cornacoBaHHOCTE 0TOGpaKeHHH (rapaHTHpye-
Mas OTpeleleHHEM MOPAKA) TO3BOIAET COEJHHHTE 0TOOPa-
KeHHs B Of[HO. DT0 oToOpaxeHne (HazoBéM ero f) oTobpa-
xaeT B B B X B. Ono Gyger uHbekuuen: 3nadenus f(b')
u f(b") npu pazamaneix ¥ u b’ pasaudnbr (BoapMéM Goab-
Iee M3 MHOXECTB, KOTOPBIM npuHagaexat b’ u b”; na mém
f ABasAeTcA nHBEKIHEH 1o Tpegnonoxennio). C Apyrou cro-
poHEL, f ABIgeTCA CIOpBeKnHeH: AL o060l mapet (b, 67) €
€ B X B BO3bMéM MHOXECTBa, W3 KOTOPHIX Mpom3onum b
n b’ BLIbepeM m3 Hux GoJblllee W BCIIOMHWUM, 9TO MBI HMe-
JM B3aHMMHO OJHO3HAYHOE COOTBETCTBHE MEXAY HUM U €T0
KBapaToM.

Ilo nemme Ilopna B HameM YacTHYHO YMOPAJOIEHHOM
MHOKECTBE CYIIECTBYeT MaKCHMAJAbHLIH SiemenT. IlycTb
sToT >aeMeHT ecThb (B, f). Mol amaeMm, 9ro f ecTh Baa-
MMHO OJIHO3HAaYHOEe cooTBeTcTBHe Mexay B u B x B u
noromy |B| = |B| x |B|. Tenepb ecTb jBe BOIMOKHOCTH.
Ecan B pasromomno A, To B X B pasnomomuo A x A u
Bcé gokazano. Ocragoch paccMoTpeTh ciaydal, korjga B He
PaBHOMOIIIHO A, TO eCTh MMeeT MEHBIIYIO MOIIHOCTH (60oab-
el OHO HMETH He MOXeT, Oy Ay NogMHOKecTBOM). ITycTh
C — ocrasmascs 9actb A, To ects A\ B. Torpa |A| = |B|+
+ |C| = max(|B|,|C]), cregoBareasHo, C' paBHOMOIIHO A 1
6oabme B no momupoctn. Bosemém B C wacts €7, pasho-
Motayo B, u noaoxum B’ = B + C' (puc. 7). O6e qacTu

A

Cl

B

Puc. 7. Ilpogonxenue coorBercTBua ¢ B wa B’ = B+ (.
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muoxecTBa B’ papaomomnsr B. llosromy B’ x B’ pas6usa-
eTcs Ha 4 9acTH, Kax as U3 KOTOPHIX paBHOMOIIIHA B X B, u,
CJIeJOBATENBHO, pABHOMOIIHA B (HAIOMHHM, 9TO ¥ Hac ecTh
B3aMMHO OJHO3Ha4IHOe cooTBeTcTBHE f Mexay B u B x B).
CooTBeTcTBHE f MONKHO NPOAOJIAHTL 40 coOTBeTCTBHA f'
Mexay B’ u B’ x B', jonoiHUB ero coOOTBETCTBHEM MeXK-
ay C' u (B’ x B')\ (B x B) (sTa pasHOCTh COCTOHT H3 TPEX
MHOX€eCTB, PAaBHOMOIIHBIX B, Tak 4ro paBHOMomHa B). B
HTOre MBI moaydaeM G6npimyio mapy (B', f'), 1ro mporu-
BOPEYNT yTBEPXKAeHHIO JeMMBI 1[opHa 0 MakcHMaJbLHOCTH.
Taknum o6pa3oM, 5TOT ciaydail HEBO3MOKEH. [>

BuiBeieM Temieph HEKOTOpPHIE CAENCTBASA W3 JOKa3aHHOTO
yTBep leHus.

Teopema 35. (a) IIpousBeenne AByX GECKOHETHBIX MOII-
HOcTel paBHO Goubliel n3 HuX. (6) Ecam MHOXecTBO A Gec-
KOHevIHO, TO MHOXecTBo A” Beex TocseoBaTeALHOCTEN JJTH-
HLL 71 > 0, cocTaBIeHHbIX W3 baeMeHToB A, paBHOMOIHO A.
(8) Ecim MHOXKecTBO A GeCKOHEMHO, TO MHOXKECTBO BCEX
KOHEYHBIX MOCAE[0BATENHLHOCTEN, COCTABIEHHBIX N3 DJAeMEH-
ToB A, paBHOMOIIHO A.

<] IlepBoe yTBepxieHHe [OKa3BIBaeTCA MPOCTO: €CAH
|41 < 1Bl, 1o |B| < 4]  |B| < |B] x |B| = |B|.

Bropoe yTBepXgeHHE JETKO NOKa3LIBAETCA WHAYKIHEH
mo n: ecim |A”| = |A|, To |A"H| = |A”| x |A| = |A| x |A| =
= |A|.

TpeTbe ToXke MPOCTO: MHOKECTBO KOHEIHLIX MTOCTEA0BA-
TeapHocTel ecth 14+ A+ A2 + A% + .. kaxgaa w3 gacTei
(kpoMe TIepBOH, KOTODOH MOXKHO TpeHeGpedb) PaBHOMOII-
Ha A (0O joxKa3zaHHOMY), H MOTOMY BCE BMecTe ecTb |A| x
X N() = |A| >

3aMeTHM, 9TO H3 TIOCJAEHETO YTBEPKAEHHA TEOPEMbI
BBITEKAET, 9TO CEMEHCTBO BCeX KOHETHBIX MOMHOXECTB
H6EeCKOHEIHOT 0 MHOXKeCTBa A MMeeT Ty Xke MOIIHOCTH, 9TO
u A (moaMHOXKecTB He GOIbIe, €M KOHEYHBIX HOCTENOBa-
TEALHOCTEH W HE MeHbIle, 9eM OHORIEMEHTHBIX II0MHO-
HKECTB).

119. TTycrs A 6eckomesrmo. Jokaxmre, aTo |A%| = [24].

120. PaccmoTprum moimaOCTE @ = No 4280 +2(2ND) +... (C‘:IéT-
Has cymMa). [lokaxnuTe, 9T0 @ — MHEEMAIbHAS MOIIHOCTH, KO-
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Topas 6oubine MomrocTer MEOXecTE N, P(N), P(P(N)), ... Ilo-
KaxnTe, 910 o° = 2% > o,

Tenephr MBI MOXeM [OKa3aTh YIIOMUHABIIEECS paHee
YTBepKjieHne O PABHOMOIMHOCTH 5a3ncoB.

Teopema 36. JlwoGuie nBa Gasuca B GeCKOHETHOMEPHOM
BEKTOPHOM TIPOCTPAHCTBE HMET OJJMHAKOBYIO MOIIHOCTb.

<] Ilycrs manbi aBa 6asuca — mepBbd W BTOpon. [las
KaXkJjOoro BeKTopa M3 mepBoro Haznca (PUKCHPYEM KaKOH-
aub0o cnoco® BHIPA3UTD €ro Yepe3 BEKTOPH BTOPOro Gasuca.
B 5TOM BBIpa)eHHWH y4acTBYeT KOHEYHOE MHOMKECTBO BeK-
TOpoB BTOporo Gaszmca. Takmm oGpazom, ecTb HeKOTOpas
dyHKINA, KOTOpas KaXJIOMy BEKTODY MepBoro 6a3mca cTa-
BAT B COOTBETCTBHE HEKOTOPOE KOHEYHOE MHOXKECTBO BeK-
TOpoB BTOporo. Kak MBI TOJBKO 9TO BHIENH, BO3MOKHBIX
3HAYEHHH TOU (PYHKIIHH CTOABKO ¥Ke, CKOIbKO IeMEHTOB BO
BTOpOM Gazuce. Kpome Toro, npoobpas Kax[oro 3Ha9eHnsA
COCTOUT M3 BEKTOPOB MEPBOro Ga3mca, BHIPAKAIOIIMACT Te-
pe3 naHHBH (KOHEYHBIH) HaGOp BEKTOPOB BTOPOTO, H HOTO-
My konedeH. BRIXoquT, 9TO MEepBLHIU Hasuc pasbuT Ha TPYII-
TIBI, K&y Aas DPYIINa KOHEYHA, a BCEro TPYIIT He Goablie, 9eM
BEKTOPOB Bo BTOpoM Gasuce. [losToMy MormmHoCTh TIepBOro
Ha3nca He MPEBOCXOJUT MOIIMHOCTH BTODPOTO, YMHOXEHHON
Ha ¥g (0T 9ero, KaK MBI 3HAEM, MOIIHOCTH GECKOHEYHOTO
MHOXecTBa He MeHAeTcs). OcTanoch MPOBECTH CHMMETDHY-
HOE PAcCyXJeHNE U COCIaThCA Ha TeopeMy KanTopa— Bepn-
mrreidHa. >

2.10. Oppauuansl

Kak MBI yxe ToBOPWIH, 0pdunaiom HA3BIBACTCA TOPA-
KOBBIU THIT BITOJHE YIIOPSAJOYEHHOIO0 MHOMXKECTBA, TO €CTh
KJIacC BceX H30OMOpPGHBIX €My YIOPSAJOYMEHHBIX MHOMKECTB
(ecTecTBenHO, OHE Gy YT BIOJHE YIODAJOICHHBIMH).

Ha opaumanax ecTecTBeHHO ONpefelaeTcs THHEHHBIH Mo-
pagok. YTobbl cpaBHATH ABa OpjuHata @ W 3, BO3bMEM HX
npegcrapurean A m B. IlpuMmenum Teopemy 22 M mocMo-
TPHUM, KaKOH M3 TpEX caydaeB (A maoMopdHO HAaYaILHOMY
oTpeaky B, orawdromy oT Bcero B; muoxectBa A U B wao-
Mop(Hb; B m3oMopdHO HAa9aTbHOMY OTpe3Ky A, oTimHIHOMY
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ot Bcero A) uMeeT MecTo. B mepBoM caydae a < 3, Bo BTo-
poMm @ = f3, B TpeTheM a > f.

MEbr oTBJeKaeMcsl OT TPYAHOCTER, CBA3AHHBIX C OCHOBa-
HUAMH T€OPHH MHOXecTB (cM. pasfien 1.6); kak (opMaabHO
MOXHO OINpaBjaTh HAIld PacCyXJeHHA, Mbl €l 06Cy THM.
IToka 9TO OTMETHM HEKOTOpLIE CBONCTBA OP/JHHAIOB.

o Mul onpefgeqnin Ha OpAHHANAX JHHEHHBIH MOPHIOK.
ITOT NOPANOK Oy IeT MOMHBIM: AI060€ HEMYCTOe CeMel-
CTBO OD/IHHAJIOB HMEET HAMMEHBIIHH 5JeMeHT (Teope-
Ma 23; pasHUlla JHIIb B TOM, ITO MBI He YyIOTpebasin
TaM CJAOBA ¢OPAHHAIY, & TOBOPHIH O TIPECTABHTENAK).

o Ilycth @ — HekoTopbli opguHat. PaccMoTpum Ha-
qaabHbIH 0Tpe3ok [0, @) B kaacce opguHanos (06pazo-
BaHHBI BCEMH OpJMHAJaMH, MEHLIIHMH @ B CMBICAE
YKa3aHHOTO MOPANKA). DTOT OTPE3OK YIOPANOHUEH O
Ty @ (TO ecTh M30MOpdeH NpeACTABATENAM Op/IH-
Haaa a). B camom gene, myctb A — ommH U3 npeg-
crapuTened opguHana «. OpauHAIb, MEHbIINE @, CO-
OTBETCTBYIOT cOGCTBEeHHBIM (He coBmagaommm ¢ A)
HavaJbHBIM OTpeakaM MHoxecTBa A. Takme oTpesku
umeroT Bug [0,a) H TeM caMbIM HaXOJATCA BO B3AHMHO
OJHO3HAYHOM COOTBETCTBHH C BJEMEHTaMH MHOXe-
crBa A. (Jlerko TpOBEpHTB, YTO BTO COOTBETCTBHE
COXpaHseT MOPAJOK. )

CxazaHroe MOXHO NepeOpMYTHPOBATE TaK: KAk JbHIH
OpAWHAJ YIIOpAAOYeH KaK MHOXEeCTBO MEHBIIHX ODIH-
HaaoB. (B ofHOM 13 (POPMAIBHBIX HOCTPOEHHIH TEOPHI
OPAHHAJIOB KaX I OpJUHAT PaBeH MHOXECTBY BCEX
MEHBIIHX OP/HHAIOB. )

o OpuHAT HA3LIBAETCA HENPededbHblM, €CIH CYIIeCTBY-
€T HETIOCPE/ICTBEHHO NIPEIIECTBY O eMy (B CMBICIe
yKa3aHHODO TIopAiKa) opaunal. Eciu Takoro Her, op-
[UHAT HA3BIBAIOT NpedesbHblm.

o Jlioboe orpaHudeHHOE CEMEHCTBO OPJHHAIOB HMEeT
TOYHYIO BEPXHIOI IPaHb (HAHMEHBIIHI OpIHHAT, GOMb-
[ WAH PaBHBIH BCEM OpJHHAJaM ceMedcTBa). B
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CaMOM [lefie, BO3BMEM KaKOW-TO opjguHal [, ABAAIO-
Mica BepxHed rpanunei. Torga Bce opguHaIbl ce-
MEHCTBa M30MOP(MHLI HAa9YaJbHBIM OTpPE3KaM MHOZKE-
crBa B, npencrapadiomero opgunaa . Ecam cpegn
9THX OTPE3KOB ecTh caMo B, To 8 6yeT TOIHOH Bepx-
Hel T'paHbio (M HAHGOMBIIMM BIEMEHTOM CEMEHCTBA).
Ecau Her, To 5T oTpesku uMeror Bug [0,5) nasa pas-
JHIHLIX 27eMeHTOB b € B. PaccMoTpnm MroxecTBo S
Bcex Takux saeMmenToB b. Ecau S we orpanutdeno B B,
To B GyaeT To4dHOW BepxHed rpanbio. Ecaum S orpa-
HUYEHO, TO OHO MMEET TOYHYIO BEPXHIOI I'paHb §, H
[0, 5) GyaeT TOYHOH BepXHEH IDaHbIO CEMEHCTBA.

MoxHO cKazaTh, 9TO CEMEHCTBO OPJUHAIOB — 5TO KaK
6Bl YHHBEPCAILHOE BIIOMHE YIIOPAJOICHHOE CeMEHCTBO; Jio-
60€e BIIOMHE YIOPSJOYEHHOE MHOXECTBO HM30MOP(HO HEKO-
TOPOMY HAYAILHOMY OTPE3KY 3TOro ceMelcTBa. llosTomy
MBI HEMEIEHHO TPHAEM K MPOTHBOPEYHIO, €CIH 3aXOTHM
paccMOTPeTh MHOXKECTBO BCeX ODAHHAIOB (BeAb AAA BCA-
KOT'O BIOJHE YIOPAJOYEHHO'0 MHOXECTBA €CTh elé 6oiab-
mee — Ho6GABHUM K HEMY HOBBLIH DIeMeHT, GOMBIINT BCeX Tmpe-
ABLAYIIHX). DTOT MapajoKe Ha3hiBaeTCA napadoxcosm Bypa-
au-Popmu.

121. JlokaxmnTe, 9TO TOYHAA BEPXHAA I'PAHb CIETHOIO IHCIA
CI€THHIX OpJWHAJOB CIETHA,

Kak xe paccy®aaTh 06 opAnHaiax, He BOagas B TPOTH-
Bopeunsa? B mpuHIHIE MOXHO 3aMEHATH YTBEpXKIAeHus 06
OpJMHANAX YTBEDKACHUAMH O WX MPEICTABUTENSIX M BOC-
MPUHAMATH YIIOMUHAHWS OPJHHAIOB KaK (BOJBHOCTH DEYHY.
Jlpyroli mogxon TpUMeHsAeTCS TPH AKCHOMATHYECKOM MO-
CTPOEHWH TEOPUH MHOMKECTB, H COCTONT OH IIPHUMEPHO B CJie-
AyIoIeM: MBI O6BABIAEM KaX JbIH OpJHHAI PABHBIM MHOXK6-
CTBY BCEX MEHbBIINAX OpAUHAIOB. Torja MUHHMATBHBIH Op IH-
Haa 0 (HOpsAKOBBIH THII YCTOTO MHOXKECTBa) Oy €T IyCTHIM
MHOXK€ECTBOM &, CJeYIOIINH 3a HIM opuHal | (Tops KOBbIH
THII O{HORIEMEHTHOT O MHOXKecTBa) OyaeT {0} = {&}, saTem
2= {0,1} = {2,{2}}, 3 = 10,1,2} = {2, 12}, {2, {#}}},
4 = {0,1,2,3} u 7. 1. 3a HUMH caefyeT OpAMHAI w (MO-
PANKOBLIH THI MHOXeCTBa HATYDaJbHBIX <HCEN), DaBHLIH
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{0,1,2,3,...}, noromw +1=1{0,1,2,3,...,w}, norom w +
+2=1{0,1,2,3,...,w,w+ 1} ur. 1

Mur He 6ygeM roBopuTb TOApo6HO 06 akKCHOMATHYEC-
kol Teopun MuHOXKecTB llepmeno— Ppenkens, HO ABa 06-
CTOATENBCTBA CJAelyeT HMeTb B BHAY. Bo-TIepBBHIX, B HeH
HeT HMKaKHX OOBEKTOB, KpOMe MHOMKECTB, H eCTb GKCU-
OMQ IKCMEHCUOHAAbHOCMU (AW 06%EMHOCTU), KOTODAA
TOBOPHT, 9TO [Ba o6beKTa, cojiepKalllie OHH U Te Ke BJie-
MeHTHI, paBHBL. [losToMy cyllecTByeT JWIIL OAWH O6BEKT,
HE COMlepXKAIIHH »JIeMeHTOB (TIycToe MHOXecTBO). Bo-BTO-
pbIX, B Hell ecTh akcuoma Gynouposanus, KoTopas rOBOPHUT,
9TO OTHOIIEHHEe € GYHIANPOBAHO: BO BCAKOM MHOXKecTBe X
eCTh DIEMEHT, ABIAIONHACA E-MAUHAUMATLHBIM, TO €CTh 36
menT z € X, gas koroporo X Nz = &. Orcioga cieayer,
9TO HMKaKoe MHOXECTBO & He MOX)eT ObITh CBOMM BJeMeH-
ToM (MHade NI MHOXKecTBa {z} Hapyliazack ObI aKCHOMa
hyHIMpOBaHNA).

122. BuiBeguTe mW3 akcHOMH (PYyHINPOBAHHA, ITO HE CyIIe-
CTBYeT MHOXECTB T, Y, 2, INIZ KOTOPHX T €Yy € 2 € T.

Punocodckt HACTPOEHHBIH MaTeMaTHK OOBACHUT OBl
CMBICA aKCHOMBI (pyHAMpPOBaHNA TaK: MHOXECTBa CTPOATCSA
M3 paHee IIOCTPOEHHLIX MHOXECTB, Ha4dMHad C IyCTOro, n
NODTOMY BO3MOXKHA HHAYKIIUA II0 IIOCTDOEHHUIO (rZ[OKa.BbIBa.H
KaKoe-THOO CBOHCTBO MHOMKECTB, MOXHO PacCykIaTh WH-
AYKTHBHO U IIpEAIoJaraTb, 4YTO OHO BEPHO [Id BCEX ero
2IEMEHTOB).

Teneps MOXHO OIpefeaUTH OpAHHAIH Tak. Byaem ro-
BOPHTB, ITO MHOXECTBO & MPAH3UMUEHO, ECTH BCAKWH Dile-
MEHT MHOXeCTBa I ABJAETCA IOIMHOXECTBOM MHOXECTBA T,
TO eCTh eclid W3 z € Yy € x ciaeayeT z € x. Hazosém op-
JunaaoM TPAHINTHBHOE MHOXKECTBO, BCAKHH DIEMEHT KOTO-
poro TpaH3WTHBEH. JTO TpeGoBaHHe TapaHTHPYET, ITO Ha
sJeMeHTax J060r0 OpAUHALa OTHOIICHHE € ABJAAETCA (CTpo—
PHM) HaCTHUYHBIM IIOPAAKOM.

AxcnomMa GyHAMPOBAHHA TaPaHTHPYET, ITO TaCTHIHBIH
NopAJAOK € Ha J1o60M opjguHale apideTcad GyHIUPOBAHHBIM.
Ilocae sToro mo MHAYKIHHA MOXKHO JOKa3aTb, ITO OH ABIA-
eTCA THHEHHBIM (H, ClIeJOBATENbHO, HOJIHBIM).
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123. (a) Ucnomp3ys onpepeneEne opjHHala KaK TPaH3HTHB-
HOI'O MHOXECTBA C TPAH3HTHBHHIME 3JI€MEHTaMH, JOKaXHATE, 9TO
3JI€eMEHET OpAHHala ecTh opamEal. (6) Ilycts o — opgmmar (B
CMHICZIe JaHHOTO HaMu omnpefeleHns). [lokaxmTe, 9TO OTHOLIE-
HEe € Ha HEM fBJISETCS JaCTHIHHIM mopafkoM. (B) lokaxwmre,
9TO A JIOOHX 3IEMEHTOB G, € @ BEPHO POBHO OJHO W3 TPEX
COOTHOUIEHRH: mb0o a € b, mbo a = b, mbo b € a. (Ykazanme:
HCIOJb3yHTe NBOMHYIO HHIYKIHIO IO (yHIXPOBAHHOMY OTHOIIIE-
HEIO € Ha @, a TaKXe aKCHOMY KCTeHCHOHaJIbHOCTH.) (T') Joka-
XH@Te, 9TO OJNWH OpPAWHAT H30MOpdeH CO6CTBEHHOMY HagalbHO-
MY OTPe€3Ky APYIroro Torjia H TOILKO TOTrJa, KOT[a ABJIAETCH ero
simemeETOM. (TakmMm o6pasoM, oTHOmWEHRe < Ha OpJEHATAX Kak
YTIOPATO9eHHHX MHOXECTBAX COBIajJaeT C OTHONIEHHEM IIPHHA-
aexHocTH.) [JoKaXnuTe, 9TO KaXABIH OpJUHAI SBIAETCS MHOXE-
CTBOM BCEX MEHBIIHUX €r0 OpJHHAJOB.

3aMeTHM eII¢, 9TO eClH KaX LU OpJHHAA eCTh MHO-
HKECTBO BCEX MEHBIIHX ero OpAWHAJOB, TO TOIHAA BEPXHAA
rpaHb MHOXECTBA, OPAHHAIOB eCTh UX OOheMHEHHE.

Mbl He 6ygeM TOApOOGHO pasBUBATL STOT TOAXOM H
no-TipexHeMy 6y/leM HAHBHO NPeCTaBJIATE cebe OpAHHATbI
KaK MOPAJKOBLIE THIELI BIOAHE YIIOPAJOIEHHBIX MHOXKECTB.

IIpex e 9eM MEPeNTH K CIOKEHHIO H YMHOXKEHHIO OpPIH-
HAJOB, OTMETHM TaKoe CBOHCTBO:

Teopema 37. IlycTh A — NMoAMHOXECTBO BIIOJHE YHOPA-
nodenHoro MHoxecTBa B. Torga mopaakoBbIH THI MHOXKe-
cTBa A He MPEBOCXOAUT MOPAJKOBOIO THITa MHOXecTBa B.

<1 OTMeTHM cpa3y Xke, 9TO PaBEHCTBO BO3MOXKHO, axe
ecsn A ABaseTca cobeTBeHAbIM nogMHOkecTBoM B. Hanpn-
Mep, YETHbIE HATYPaJbHBE TUCAA NUMEIOT TOT Xe TOPSA KO-
BBIH THII W, 9TO W BCe HATYpPaJbHble TUCAA.

Paccyxad oT IpOTHBHOTO, MPEATIONOAKAM, 9TO TOPAI-
KOBLIH THIT MHOXecTBa A Goabme. Torga B maomopdHo He-
KOTOpOMY Ha4dalbHOMY OTPE3KY MHOXecTBa A, He coBmaa-
foimeMy co BceM A. IlycTs ag — BepxHas rpanuta (B A)
aToro oTpeska, a f: B — A — cOOTBeTCTBYIOIHHA H3OMOD-
¢uam. Torga f crporo Boszpacraer u moromy f(b) = b aua
Bcex b € B (Teopema 17). B wactHocTH, f(ag) = ao, HO mo
OpeAnoIokeHno mo6oe 3Hadenue f(b) Menbine ag — npoTn-
Bope4due. >
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2.11. ApudmeTuka opaunanos

Mgl onpejieAnan CyMMY W IPpOU3BEACHUE JHHEUHO YIOPS-
JMOYEHHBIX MHOXeCTB B pasjene 2.1. (Hanomanm, 9o B A +
+ B saementbl A npegmecrByloT anementam B, aB A x B
MBI CHAYaJa CPABHUBAaEM B-KOMIIOHEHTHI map, a B cIy<ae ux
paBeHCTBa — A-KOMIOHEHTHI.)

Jlerko npoBepuTH CAEAYIONAE CBOUCTBA CAOXKEHUA:

o Caoxenne accommaTaBio: @ + (B +7v) = (a+ 8) + 7.

o Cioxenme He KOMMYTATHBHO: Hanpumep, | + w = w,

HOw + 1 # w.
e Ouengno, a +0=04+a = a.

o Cymma Bo3pacTaeT OpH pocTe BTOPOIO apryMeHTa: ec-
m B < B2, o a4+ p1 < a+ f. (B camom gene, mycThb
/1 us3oMopdHO HAYAILHOMY OTPE3KY B 2, OTAUIHOMY
or Beero By. [lo6aBuM K 9TOMY H30MOPQPUIMY TOXK jie-
CTBEHHOE OTOOPAXKEHHE HA (¢ W [IOAYIHM H30MOPPU3M
MexXAy « + $1 B HAYAILHBIM OTpE3KOM B « + (2, oT-
AWIHBIM OT @ + f3.)

o CyMMa Hey6LIBACT pH POCTE MEPBOro apryMeHTa: ec-
m ay < az, 1o a1 + 3 < az + B. (B camom jgene,
a1 + B momMopdHO NOAMHOKECTBY B as + 3. 31O noj-
MHOXECTBO HE SIBAAETCH HAIAJbHBIM OTPE3KOM, HO MbI
MOK€eM BOCHOAB30BAThCA TeopeMol 37.)

o Onpejgenenne cyMMbI COTJIACOBaHO ¢ 0603HAYEHNEM ¥+
+ 1 aasa crepyromero 3a « opamHana. (3gech 1 — no-
PAJKOBBLIM TUTI OAHORIEMEHTHOTO MHOXKeCTBa.) Caepy-
omuM 3a @ + 1 opgunraiom 6yaet opaunan (a + 1) +
+l=a+(1+1)=a+2ur.x

e Ecim a 2> B, To cymecTByeT €JWHCTBEHHBIH OPJH-
Haa vy, aas koroporo B + v = a. (B camom jene,
B w3oMopdHO HAYAILHOMY OTPE3IKY B «r; OCTABIIAACA
9acThb & | 6y/leT HCKOMBIM opaHajioM 7. EaancTsen-
HOCTb Cle/[yeT U3 MOHOTOHHOCTH CJAOXEHUA 1O BTOPO-
MY apryMeHTy.) 3aMeTHM, 9T0 5Ty ONEPAHi0 MOXHO
HAa3bIBATh «BLITUTAHUEM CJICBAY.
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o (BoriATaHde cipaBas, HATPOTHB, BO3MOXKHO He BCET'/a.
IMycts @ — HekoTopbin opaunan. Torga ypaBHenue
B+ 1 = a (orHOCHTeabHO ) MMeeT pellleHWe TOT A
H TOJBKO TOTJ[a, KOTJ]a (x — HelpeleJbHbIH OpJHHAT,
(T.e. Korga o UMeeT HAUGOMBILIHI BIEMEHT).

Onpejenenne CyMMBI IBYX ODJHHAIOB B CHIY ACCOITH-
aTHBHOCTH MOXKHO paclpOCTpaHUTH Ha Ja10boe KoHEdHoe
9HCAO OPAWHANOB. MOXKHO ONpe/eldThL W CYMMY 1 + as +
+ ... cu€THOH TNOCAENOBATEILHOCTH OPAHHAJIOB (BJeMeH-
THL @; OPeAIIeCTBYIOT 3JIeMeHTaM «; NpH { < jf; BHYTpH
KaX/oro a; TOpANoK npexHui). Kak Jerko mpoBepHTh, 5T0
MHOXKECTBO JeHCTBATENBHO 6y 16T BIOMHE YIODPALOYSHHBIM:
9TO6Bl HAHTH MUHHMAJAbHLIH DAEMEHT B ero MOJMHOKECTBE,
paccMOTPHUM KOMIIOHEHTHI, KOTOPHIE 3TO IMOJAMHOXKECTBO 3a-
neBaeT, BEIOepeM W3 HUX KOMIIOHEHTY ¢ HaMMEHbLIITHM HOMe-
POM H BOCIIOJIB3YEMCSA €€ TIOMHOH YIOpsAJO9eHHOCTHIO.

B >ToM mocTpoeHHH MOXKHO 3aMeHUTHL HATYPAIbHbIE THA-
cjia Ha DJIeMeHTHl MPOM3BOJBHOI'O BIOJHE YIODPANOYEHHOI O
mHOXecTBa | u onpefeanTsh cymmy » . A; ceMelcTBa BIOAHE
YTIODAJOYeHHBIX MHOXKeCTB A;, WHIEKCHPOBAHHOTO DAEMEH-
TamMu [, KaK TMOPAJKOBBIA THII MHOXECTBA BCEX Map BHAA
(a, 1), mua xkoropuix a € A;. Ilpu cpaBHeHHH ITap cpaBHHUBA-
IOTCA BTOpbIe KOMIIOHEHTHI, a B c/Iyvae paBeHCTBa W IepBbie
(B coorBercTBytomem A;). Ecan Bce A; m3omopdHBL ofHO-
My W TOMY e MHOXeCTBY A, monyvaeM yke H3IBECTHOE HAM
olipefiefenne npousBefenus A x I.

Tenepb mepeReM K yMHOKEHHIO OPJAHAIOB.

o Ymuoxenne accommaTuBHo: (af)y = a(By). (B camom
nede, B 060UX CAy9asX 10 CYIIECTBY MOAYIaeTCA MHO-
#KeCTBO TPOEK; TPOUKH CPABHUBAIOTCA CIIPaBa HATEBO,
NoKa He OGHAPYKHTCA PA3AnTue. )

o YMHOXeHWe He KOMMYTATHBHO: HAIPAMED, 2w = W, B
TO BpeMsA Kak w - 2 # w.

o Ouenugro, - 0=0-a=0una-1=1-a=a.

e BumoanseTcs ofHO W3 CBONCTB AUCTPHOY THBHOCTH:
a(f +7v) = aff + ay (HemocpeJcTBEHHO CaeqyeT M3
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onpejenerns). CHMMeTPHIHOE CBOHCTBO BBIMOIHEHO
He Beerga: (14 1) w=w #w +w.

IlpoussBefene cTPOro BO3PACTAET NP YBEAHICHUH
BTOPOTO MHOXKHTENA, eciu epBbii He paseH 0. ([as
pazHooOpa3ns BBIBEJEM 3TO M3 paHee [IOKa3aHHBIX
ceoticTB: eciiu B > f1, To B2 = fB1 + 4, Tak UTO

afs =a(fr+6)=af+ad >ap.)

[IpousBefenne e y6LIBaeT IIPH BO3PACTANHH IEPBOCO
muoxuTeas. (B camom fede, ecam ay < @z, To a1 w3o-
MOpP(HO TOAMHOXKECTBY aaf. DTO MOAMHOXECTBO HE
ABJIACTCA HAYAILHBIM OTPE3KOM, HO MOXKHO COCIaTLCA
Ha TeopeMmy 37.)

Jloboit opauHat, MeHbIIHNA @, ONHOIHATHO TIPeNCTa-
BuM B Buge af’ + o', rae B/ < S o < .

(B camom pede, mycTh MHOKecTBa A U B ynops jo4eHbl
nmo Tunam @ u §. Torga A X B ynmopAgo¥eHo 1Mo THILY
af. Beakuit opauHada, MeHbIIHHA af, ecTh HAYATLHBIH
oTpe3ok B A X B, orpaHn9eHHBLIN HEKOTOPBIM SJIeMEH-
ToM (a, b). Hagarenoiit orpesok [0, {(a, b)) cocTonT ua
nap, y KOTOPHIX BTOPOH “JIeH MeHbIle b, a Takxe W3
ap, y KOTOPLIX BTOPOH WieH paBeH b, a IepBLId MeHb-
me a. OTclofa ciaeayeT, 9TO 3TOT HaYaIbHBIN OTPE30K
msomopden A x [0,5) + [0, @), Tax 4To ocraéTesa moao-
#uth ' = [0,8) ua’ = [0, a). Temepsb npoBepHM OHO-
snaqrocTh. [lycts aff/ 4+’ = af”’ +a”. Ecm ' = A,
TO MOXKHO BOCIIOJB30BATHLCA OHO3HAIHOCTBIO JEBOTO
BBIYHTAHUA W TNOAy9InTh, 9To @' = . OcTaérca npo-
BepHTD, 9TO 3’ He MoxeT 6BITh, ckaxeM, Menbie 3.
B aTroMm cayuae §” = '+ 4, n cokpamaa a8’ caea, mo-
ayamM, 9To o = ad + o', 9To HeBosaMOXKHO, Tak Kak
JeBad 9acTh MeHbIIE @, a TpaBad JacTh GOJbIIe HAH
paBHa a.)

AnajorndHoe ¢jleJeHrHe ¢ OCTATKOMY BO3MOXKHO W IS
Jio6brx opauHatos. lyers a > 0. Torga ao6on opau-
HaJ % MOXHO Pa3JlefuTbh C OCTATKOM HAa (, TO €CTb
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peJcTaBUTL B BHAe aT + p, e p < @, H IPATOM
€/ITMHCTBEeHHBIM 06pa3oM.

(B camoMm pene, CyIiecTBOBaHHE CAEAYET H3 TPEABIIY-
WIErO YTBEPXKACHUA, HAJAO0 TOALKO B3ATH JOCTATOYHO
6oabioe B, 9Tobbl af 66110 Goablle 7, ckaxeM, 3 =
=5+ 1. EAMHCTBEHHOCTb [NOKA3LIBACTCA TaK XKe, KK
H B OPeJbIAYIIEM TTyHKTE. )

o IloBTOpsas geaenue ¢ ocTaTkoM Ha a > (), MOXHO TO-
CTPOHTDH TIO3HITHOHHYIO CACTEMY CIMCIEHHA JJIA Op/TH-
HaJIOB: BCAKHIA opamman, Menbimmin of 1 (agech k —
HATYpaJbHOE YHCIAO), OJHO3HAYHO MPEACTABAM B BH/E
o B +a* P14 .+ api+fo, rae B, .., f1, fo—

OpAWHAJBI, MEHBIIIHE .

124. /las xakwmx opamEaioB 1 +a = a?

125. /las Kakwx opAWHAJIOB 2 - = a?

126. Kakre opamHAIE HpefCcTaBEMH B BHEIE W - &7

127. [lokaxwnTe, 9T0 @@ + 3 = 3 Torja m TOJIHKO TOrfa, KOr'Aa
aw < B (35ecy a B B — opanHAIH).

128. lokaxmuTe, 9T0 eciim @ + f = 8 + a 7 HEKOTOPHIX Op-
OWHAJOB ¢ W (3, TO HaWAETCA TAKOHW ODAWHAJ Y M TaKHe HaTy-
PaibHEBE 9HCIa M | 11, 9T0 @ = Yym ' § = yn.

129. OmpefemmM omnepanumio ¢3aMeHH OCHOBaHHMY C k > 1
Ha | > k. Yro6H OpEMEHHTH 3Ty ONEpamdi0 K HATYPAIHLHOMY
9HCAy 1, HaJO 3alACaTh 1 B k-W9IHOM CHCTeMe CYHCIEHHS, a 3a-
TeM IIPO9eCTh Ty 3alKCEH B l-maHON cucTeMe. (O9eBEHO, THCIO
IIPH 9TOM BO3PacTéT, eCJIH OHO ObLiIo 60iblile Hix paBHO k.) Boab-
MEM IIPOW3BOJLHOE IHCIO 7 W OyJeT BHIIOJIHATEH HaJ HAM TaKAe
ollepanyy: 3aMeHa OCHOBAaHWUA C 2 Ha 3 — BHYATAHWE €IWHANH —
3aMeHa OCHOBAHHSA C 3 Ha 4 — BHYATaHAE eJUHANH — 3aMeHa OCHO-
BaHHA ¢ 4 Ha 5 — BHI9WTaEwWe eWENDH — . .. [JokaxwuTe, 9TO paHO
WM HO3AHO MH IOJLY9HM HYJb W BHYECTH €JUHWULNY HEe yAacTCA.
(Yxasamme: 3aMeHHTe BCe OCHOBAHWA Ha OPJHHANL W; IOLYIHTCSH
y6HIBatoIas NOCAeL0BATEIFHOCTE OPJARHAIOB. )

2.12. UnpaykTuBHbIE onpeaeneHus U CTeneHu

Mur onipeieTiInA ClOKeHHe W YMHOKeHHEe OPAHHAIOB € TT0-
MOIITBIO ABHBIX KOHCTPYKITHH TOPSA KA HA COOTBETCTBYIOMIHX
MHOXKecTBax. BMecTo 5TOro MoxkHO 66110 6B UX ONPEIeNHTh
WHIYKTHBHO.



104 Ynopadouennsie muodxicecmen [ra. 2]

Teopema 38. Caoxerie opAHHAIOB 0OIAAAET CICNYIOMIH-
MH CBOUCTBAMH:

a+0=aqa;
at+(B+)=(a+p8)+1;
a+ vy =sup{a+ 8|8 <~} aua upegeannoro vy # 0.

OTH CBOUCTBA OJHOIHAYHO OMPEAEAAIOT OMEPAIHIO CIOKE-
HUAA.

<] /IBa epBLIX CBOUCTBA OYEBHHBI; TPOBEPHM TPETHE.
Ecau 8 < v, To a+ 8 < @+, Tak 910 a + 7 6ygeT BepxHen
rpaHuied Bcex cymm Buja a + 8 npu B < 5. Hago npose-
pPUTH, 9TO 5Ta TpaHulia ToYHaA. IlycTh HEKOTODHIH OpH-
HaJ T MeHbIe a + 7. Y6eauMcsa, 9To oH MeHbIe a + 8 nis
HekoToporo S < . Ecan 7 < «, Bcé oweBuguo. Ecrm T 2> «
npejacTaBuM ero B Buje 7 = a + 0. Torga a4+ 0 < a+
+ v u moromy o < 7. llockoabky opguHAN ¥ TpeAEILHBIH,
o + 1 TakXKe MeHbIIIe ¥ W OCTAETCA MONOKUTL B = o + 1.

YkazaHHble CBOHCTBA OJAHO3ZHAYHO ONMPENEAsIOT Ollepa-
ITHIO CAOKEHHSA, TaK KaK MPeJACTABAAIOT cOO0H PEKYPCHBHOE
ompejererne o S (ecin ecThb JABe ONepaliy ClIOKeHHs, 06aa-
JAIOIIHEe 3THMH CBOUCTBAMH, BO3LMEM MHUHHMAaJbHOE 3, Nis
KOTODOT'O OHH DA3iMYaioTcsa 0 T. 4.). [>

AHAJOMHYIHO MOXHO ONPEJedUTh W YMHOKEHHE:

Teopema 39. ¥YMHOXeHne OpAUHAIOB 06AaNAET CICHYIO-
[I[AMH CBOHCTBAMHU:

a0 =0;
a(f+1) =af +a;
ay =sup{af | B < v} aua npegeavHoro vy # 0.

OTH CBOKCTBA OJHOZHAYHO ONPEACIAIOT ONEPALMIO YMHOKe-
HUA.

<1 Jloka3aTeibCcTBO aHAJIOTHYHO, HYAKHO TOABKO NpOBe-
PUTb, 9TO ecdu T < @ jid OpeleabHoOro v, To 7 < af
nasa mexkoroporo B < . Kak Mot Bugean na c. 102, opau-
Hal T uMeeT BuA T = @y + o npm v < 5; mocraTodHo
nooxnThb 3 =~ + 1. >
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BosnukaeT ecTecTBeHHOe MXKeJaHHe ONPEAEIHTH Olepa-
[[UO BO3BEJEHHA B cTeNeHb. MBI yXe 110 CYIIecTBY ONpe/jeH-
W BO3BeJieHHE B [EMYI0 TOJOKHTEIbHYIO CTelleHb (a” ecTh
OPOH3BEJEHHE T COMHOXHTENEH, PAaBHBIX ). JIpyruMH Clo-
BaMu, ecan A ynopdjodeHo mo THOy «, TO MHOXKecTBO A"
nocae[oBaTeNbLHOCTEN JTHHLL N ¢ 3deMeHTamMu 13 A ¢ o6paT-
HBIM JTeKCHKOTDahiIeCKHM HOPAAKOM (CpaBHEHHE CIIpaBa
HAJIeBO) YIOPANOYEHO 1O THITY .

Caepyrorui mar — onpegeants o . [lepBas uges, npu-
XOJAIIad B ONOBY — B3ATh MHOxKecTBO AN GeckomedHbix
MOCAE[OBATENHHOCTEN W ONPEAeIUThL Ha HEM MOJHBIA MOPA-
nok. Ho xak ero BBecTn — HesAcHo. [losToMy MoxHo mompo-
60BaTh ONpejeSUTh 6036edenue 6 Cmenexb WHIAYKTHBHO C
MOMOIIBIO CIEAYFOIIHX COOTHOIIEHH:

o = of
o =sup{a® | B < v} maa npegeapHoro y # 0.

Teopema 18 (o TpaHChHHHHTHOH PEKYPCHH) TapaHTHDYET,
9TO 3TH COOTHOIIEHHA ONHOIHAYMHO OMpPEeNeiaioT HeEKOTOPYIO
OTIEpAITAIO HaJ OpJAWHAJAMH, KOTOpasd W Ha3LIBaeTCA BOIBe-
leHHeM B CTeTleHb.

3amevanue. TyT onsaTh MBI TOAXOAUM K ONACHOHW T'DaHH-
Ile MApPaJOKCOB W BHIHY K JeHH BHIpaXkaThcsa yraonduso. Ha
CAMOM JIefie TeopeMa O TPAHC(PUHATHON PEKYPCHH TOBOPHIA
06 onpefeneAnn GYHKIHA HA BIIOJHE YIOPAJOIEHHOM MHO-
JKecTBe, a OPJAUHAJIL He 06pasyioT MHOKECTBA — WX CJIHIL-
koM MHoro. Kpome Toro, B Hell 1ia pedb 0 GyHKITHAX CO
3HAYEeHUAMHA B HEKOTODOM 3aMaHHOM MHOXKeCTBe, KOTODO-
o 37ech ToxKe HeT. lloqo6HbIe HAAYKTHBHBIE ONpefeTeHHs
MOXKHO KOPPeKTHO 060CHOBATH B TEODHH MHOXECTB C HC-
MOJB30BAHHEM TAK HA3LIBAEMOH aKCUOMBL NOJCMAHOGKU, HO
MBI 06 3TOM T'OBOPHTEL He 6ymeM. BMecTo »ToTo MBI Ja M
ABHOE OMHCaHWEe BO3BeJeHHA B CTeNeHb, cBOOOIHOE OT DTHX
mpobrem.

YT1o6BI MOHATHL CMBICT BO3BeJleHHA B CTeNeHb, MOCMO-
TPHUM, KaK BHIIVIAAAT opjuHal o (fis HEKOTOporo ).
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Ilycte A — MuOXKecTBO, ynopsaodenHoe mo Tuny . Op-
AuHAA @ 10 ONpefeleHHI0 eCTh TOYHAA BEPXHASA TPaHb o’
mis HarypadabHbix n. Opaubnanl a ecTb NOpAJKOBBIH THII
MHOKecTBa A", ynopsaodeHHOro B 06paTHOM JEKCHKOIDa-
duveckom nopsgke. YTo6bl HARTH TOYHYIO BEPXHIO I'PAHb,
npefcTasuM MHoxecTBa A" Kak HadadbHblE OTPE3KH JAPYD
apyra. Hanpumep, A% cocrout us map {ai,as) u oToxe-
CTBAAETCA ¢ HAaYalbHLIM oTpeskoM B A3, cocrosmmm mus
Tpoek (a1, as,0). (3gecs 0 — HamMenoumi >reMenT B A.)
Tenepb BuaHO, 4TO Bee MHOKecTBa A” MoxHO paccMaTpu-
BaTh KaK HadaJbHBIE OTPE3KH MHOXKecTBa A%, cocrodiiero
w3 GeCKOHEYHBIX MOCASNOBATEABHOCTEH g, a1, . .., DIeMeH-
Thl KOTOPBLIX NPUHAIEKAT A H B KOTOPLIX JHIb KOHEYHOE
90 WieHoB oTandHo oT Hyas. ([locrennee TpeGoBanue fe-
JdaeT KOPPEKTHHIM ompejedeHue o6paTHOrO JeKCHKorpadu-
YECKOI O MOPSAIKA — Mbl HAXOJUM CAMYIO [PABYIO O3ULIHIO,
B KOTOPOH MOCAEAOBATEILHOCTH Pa3inydaloTcs, W CpaBHH-
BaeM HX 3HAYEHHA B 9TOH NO3UIHH.) B oOBeHHEHHH 5TH
HaYaJdbHbIE OTPE3KH AAl0T BeE A% Tak 9To 9TO MHOKECTBO
¢ OMUCAHHBIM TIOPAJKOM MMeeT THI a¥ .

AHaJOrHYHOe yTBEpXKJACHHE BEPHO W Ui A1060I0 NOKa-
3aTeNd CTeleHH.

Ilyctb A u B — BioJHe YNOpSIOYEHHbIE MHOXKECTBA,
UMelolKe NOpsAKoBbie TUILL @ 1 3. PaceMoTpuM MHOKeCT-
Bo [B — A] cocrosinee w3 orobpaxennii B B A, nMeromnx
¢KOHEYHBIH HOCHTENby (PaBHBIX MHHAMAJILHOMY DleMeHTy A
BCIO/IY, 3a MCKIIOYEHHEM KOHEYHOT'O MHOXecTBa). Beaém
Ha [B — A] nopsagok: ecan fi # fa, BoibepeM HauGOMbIIAH
saeMenT b € B, nis koroporo fi(b) # fa(b) u cpaBaum fi(b)

Teopema 40. YkazaHHOe TIPABHIO 3aJaéT MOJHBIH TOpDS-
nok Ha MHOKecTBe [B — A] M NIOpAAKOBBIH THII 3TOMO MHO-
KecTBa ecTh aP .

<] Ham Hajo NpoBepuTh, 4T0 YKA3aHHBIA IOPAJOK ABJ-
eTcs NOMHBIM M 9TO BbIIOJAHEHbI TPeGOBAHUA HHAYKTHBHOIO
Olpe/IeNeHUs CTENeHH.

Hazosém nocumeaesm saemenrta f € [B — A] mMuoxect-
Bo Tex b € B, masa koropuix f(b) > 0 (3gech 0 obosHaqva-
€T HaMMEHbIINH daeMenT MHOXecTBa A). HazoséM pauzons
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dyakumn f HanGONBIIHI SJIEMEHT HOCHTENA (MO ompejele-
HHIO HOCHTEAb KOHEYEH, TaK ITO HAHOOJBIIHH DJeMEHT Cy-
wecTByeT). PaHr onpenesén mis Becex (hYHKIMH, KPOME TO-
K JECTBEHHO HYJIEBOH, KOTOPAsA ABIAAETCA MUHHMAILHBIM 3J16-
menToM mMuHOKecTBa [B — A]. Yem 6oubiue panr GyHKUWH,
TeM Goabille caMa (PYHKITHA B CMBICAE BBEJEHHOTO HAMH MO-
pAAKa.

ITycrs mopsigok na [B — A] He siBiseTcs noaubiM u fo >
> f1 > f2 > ... — ybbIBalolllag MocaeoBaATETLHOCTE DJe-
MeHTOB [B — A]. Bee snements f; oramdnsl ot 05 paccMo-
TpHM WX pPaHCH. OTH paHrH o6pa3yioT HEBO3PACTAOINIYIO
MOCAEJOBATEIBHOCTD, MOITOMY HAYHHASA C HEKOTOPOTO Me-
cTa cTabWIM3HPYIOTCA (MHOXecTBO B BIOMHE yHOpAgOde-
HO). OT6pOCHM HAYATbHBIN OTPE3OK U OYIeM CIMTATDH, 9TO
€ caMOT'0 HaYaJ a PAHMH BCEX BIeMEHTOB YOLIBAIOIIEH MOCTe-
JOBATEALHOCTH OJJHHAKOBBI W paBHBI HeKoTopoMy b. B coor-
BETCTBHH C OTIpeesenneM, snadenus fo(b), f1(b), ... o6pasy-
0T HEBO3PACTAIONIYIO TOCAEOBATENLHOCTD, TIO3TOMY HAYH-
Hasg ¢ HEKOTOPOro MecTa cTabuansupyiorca. OTbépocus Ha-
YaJbHBIH OTPE30OK, 6yJeM CIHTaTh, 9YTO Bee f; MMeoT Oju-
HAKOBHIN paHr b W ogunHakoBoe 3Hadenue f;(b). Torga 3na-
deHus fi(b) He BAWAIOT Ha CPaBHEHWs, H HOTOMY HX MOXKHO
saMennThb Ha 0. [loay4um yOLIBAOIYIO MOCAE[OBATEIHHOCTE
sunemenToB [B — A] ¢ panramu mMenbiie b. YTo6bl 3aBepiinTh
paccyXkjeHne, OCTAETCH COCAATHCA Ha TMPHHITAT WHIYKITHHA
o MHOXecTBY B.

(Bosee hopManbHO, paccMOTPHM Bee GECKOHEYHO yOBIBa-
OIIHe TTOCAeJOBATEALHOCTH. Y KAk JOH W3 HHX PACCMOTPHM
paHD MepBOTO BiaeMeHTa. PaccMOTpHM Te W3 HUX, Y KOTOPBIX
9TOT PAH MHHAMAJILHO BO3MOXKHBIN; TyCTh b — 3TO MHUHH-
ManabHoe 3Hadenne. B mo6ol Takol mocaejoBaTeIbHOCTH BCe
aneMeHTH uMeoT panr b. M3 Bcex Takux mocaefoBaTeabHO-
creii fo > fi > ... BuGepeM Ty, y KoTopol 3Hadenue fo(b)
MHHAMAJIBHO; BCe CISAYIONHe € WIieHb WMEOT TO XKe 3Ha-
4denue B Touke b (T.e. fi(b) = fo(b)). 3amenun 3HaueHUE B
ToUKe b HYJAEM, OAYIHM GeCKOHEUHYIO YOBIBAIOIIYIO MOCTe-
JOBATEABHOCTD W3 DJIEMEHTOB MEHbINETO PAHTa, YTO POTH-
BOPETHT HPEATIONOKEHHIO. )

Temepb MoKa)eM, 9TO TAKOe ABHOE ONpejeleHne cTere-
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HH CONMTAacOBAHO C MHAYKTHBHBIM ompegeneHueM. [[as koned-
HBIX 12 3T0 o4deBUAHO. IlycTh ¥ = S+1. KakoBo (aBHOE) onpe-
neqaenne a¥? Ilycrs B ynopsagodeno mo tumy 3. Torpga mbr
MOJKHBL f06aBHTh K B HOBBIH HauGoabIMH sueMeHT (060-
3HAYUM €r0 M) | paccMoTpeTh oTobpaxenus BU{m} — Ac
KOHeYHBIM HocuTeneM. fAcHo, 9T0 Takoe oToGpaxeHne 3a1a-
éTcs Tapol, COCTOAIIEH W3 ero cyXKeHud Ha B (KoTopoe Mo-
KeT OBITH TPOM3BOALHBIM 2IEMEHTOM MHOXKecTBa [B — A])
u 3Hadvenus Ha m. llpu ompegenreHNN MOPSAKA MBI CHAYAIA
CPABHUBAEM 3HAYEHWS HA M, a [MOTOM cyXeHus Ha B, To
eCcThb MOJyYeHHOe MHOXKecTBO HaoMopdHo [B — A] x A, 4ro
u TpeboBaioch.

ITycTh Tenepb 7y — HEHYJAEBOH NpeAeIbHBIA OPAUHAT W
muoxecTBo C yrnopsgoderno no Tumy 4. Kak yerpoeno MHo-
wecerso [C — A]? DaeMeHTbI, paHI KOTOPLIX MeHbIE ¢ &
€ C, o6pasyoT B HEM HAYAJILHBIH OTPE3OK, W DTOT HAYATDH-
HBIH oTpe3ok maomopden [[0,¢) = A]. A caMo MHOXKecT-
Bo [C — A] aBasercs obbejUHeHHEM 3THX HAYAILHBIX OT-
PE3KOB (MOCKOIBKY KA IBIH 3JeMEHT 3TOI'0 MHOKECTBA HMe-
€T KOHEYHBIH HOCHTENb) H IOTOMY €0 TMOPAJKOBBIH THII
ABAAETCA TOYHOH BEpPXHEH T'PAHBIO MX MOPAJIKOBLIX THIIOB,
4T0 U TpeGoBaIOCh. [>

HenocpencTBeHHBIM clle[CTBHEM STOH TEOPEMBL ABAAETCA
TaKOe YTBEPK JICHHE:

Teopema 41. Ecin o u § — cuéTHBIe OpAHHAIBL, TO & + 3,
af n af caéruo

<] JIisi cyMMBI U TIPOM3BEIEHNS Yy TBEDK JEHNE OIEBHIHO.
Jlast cTeneHn: ecaiM MBI ITPOHYMEPOBAIH BCE BIEMEHTH BITOJ-
He YIOpsAgodeHHBX MHoxecTB A uw B, To aiobol siemenT
MHOKecTBa [B — A] MoxkeT 6bITh 3ajjaH KOHEYHBIM CITHC-
KOM HATYDPaJIbHBIX dices (HOCHTENb W 3HAYEHHA HA DIeMeH-
TaX HOCHTENA), & TAKHX CIIHCKOB CYETHOE YHCIO. [>

130. Jokaxmre, aTo a?t? = of - @ gByMsa cmocoGamm: mo
WHAYKOWA ¥ C ACIOJb30BAaHNEM SBHOI'O ONpEeXejeHHs CTENeHM,

131. loxaxwmTe, ato (a’)? = a7,

132. JlokaxmTe, 9TO0 ecim o > 2, To af > af.

133. JokaxmnTe, 9T0 ecimt w” = a + f 0J9 HEKOTOPHX OpJH-
HAJOB &, 3 ® ¥, To qubo 3 =0, mbo 5 = w”.
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134. Kakme opamHAIH HEIL3A MPEACTABHTL B BHIE CyMMBL
OBYX MEHBIINX OPJIUHAIOB?

135. lokaxmnTe CI8THOCTh o 1 CIETHHX a 1 B, HCHOMB3Y S
WHIYKTEBHOE ONpeJeleHne CTENEHN,

136. /lar HeKOTOPHH opAmHAT ¢ > 1. YKaXwnTe HaNMeHBIINH
opamean 3 > 0, gt xkoroporo aff = (. (Ykazamme: 910 GyzeT,
€CJld YMHOXHTE T Ha CTeleEHOn Paxl+z+ z? + z° +... ?)

OTMeTHM BaXHYO Pa3HUIY MeXJy Olepaluel Bo3Be/e-
HUA OPJHMHAJOB B CTeNeHb W paHee pacCMOTPEHHLIMH OIle-
panuAMHA CJIOXKeHHA M yMHOxeHus opamuagos. Onpegensas
CYMMy W TPOH3BEJeHHE OpPAUHAIOB, MBI BBOJWIAN HEKOTO-
PHIH MOPAJOK Ha CYMME W TPOU3BEIEHIHH COOTBETCTBY IOIITIX
MHOXeCTB (B OGBIMHOM CMBICIE), 3/IeCh XK€ CaMO MHOKECT-
Bo [B — A] onpegensiercs ¢ y4€TOM NOPAJKA M OTIHYHO
or AB. (B wactaoctn, npu cuétHbx A mw B MHOXKecTBO
[B = A] caéTro, a AP — ner.)

AsHoe onucanue MHOKecTBa [B — A] 03BO/IAET NOHATD,
KaK yCTPOEeHBI ero HavaJbHBIE OTPE3KH, TO €CTh KaKOW BHJ
HMEOT OpJHHAIL, MeHbIIe af .

Pacemorpum nekoropyio dyukiuuio f € [B — A]. ycrs
OHA OTIHYHA OT HyJds B Todkax by > by > ... > by u npu-
HUMAaeT TaM 3Ha9eHud a1, a2, ..., @k. Hac HATepecyoT Bee
dbyuxiun, Menbiinie GyHKIAR f.

Bce onm paBHLI Hyalo B Todkax, Goabmmx b;. B ca-
MOH TO4YKe by oHH MoryT 6bITh Ju6O MeHblle @i, JHOO
paBHbI a1. Jlio6as (pyHKIHA MEPBOrO THIIA MEHBINE JHOO0N
dyakuum BToporo THma. PYHKIUH NMEPBOrO THIIA MOTYT
NPHHAMATL JTIOObE 3HAa9eHHA B TOYKAX, MEHBIIHX b1, a B
To4Ke by uMetoT 3Havenne w3 [0, a1). TeM caMbIM HX MOXKHO
OTOXKAECTBUTH ¢ mieMeHTaMH MHOXecTBa [[0,51) — A] x
x [0,@1), ¥ IpH 5TOM OTOXAECTBICHHH COXPAHAETCH TOPHA-
NOK.

PyHKIMHA BTOPOro THNa (paBHBE @ B TOYKe b1) CHO-
Ba pa3buBaloOTCA Ha JBE KaTErOpUH: Te, KOTOPHE B TOY-
ke by MeHbIle as W Te, KoTophle B by paBHLI as. Pynkumn
NEPBOH KaTerOpHH OTOXAECTBIAIOTCA C DJeMEHTaMH MHO-
xectBa [[0, b2) = A] x [0, a2). PyHKuHH BTOPOH KAaTErOpHH
CHOBa pa306béM Ha JacTH B 3aBHCHMOCTH OT HX 3HAYEHHA B
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Touke bs u T. 1. Takum obpaszom, [0, f) Kax ymopsgodeHHOE
MHOXK€eCTBO H30MOP(hHO MHOXKECTBY

[[0,61) = A] x [0,a1) + [[0,b2) = A] x [0,a2) + ...+
+ [[0, bx) — A] x [0, a).

Tepexoas k opauHanaM (HadaabHbIE OTPEIKH — HTO MEHBb-
e OPMHAJBI), TTONYy9aeM TaKOe yTBEDK JeHHE:

Teopema 42. Besxmit opguaan, Mensimmi af | npegcrapis-
eTcA B BHE

aﬂlal + aﬂzag +...+ a'B"ak,

rae B> B> B2 > ... > By, a ay,as,...,ar < a. Takoe
npejcTaBieHne ONHO3HAYHO 0 JI06as CyMMa, yKa3aHHOT'O BH-
Ja ABIACTCA OPAMHAIOM, MEHBIIM af .

<] Bo3MOXHOCTB TaKoOr'o MpejcTaBlIeHUus MBI yX&e JoKa-
sanm. [locnegnee yTBepxkqeHne clefyeT U3 TOro, 9TO J0dad
CYMMa TaKOT'O BHJa ABJIAETCA HaTaJbLHBIM OTPE3KOM B MHO-
xectBe [B — A] (rpe A m B ynopsfjodeHbl MO THIAM
i ) H pa3HBIM CYMMaM COOTBETCTBYIOT Da3Hble HadalbHBIE
OTpe3Ku. [>

OTo yTBepXjcHHe 0600IIaeT ONMMCAHHYID HAMH paHee
(c. 103) ¢mozummonHyt0 cHCTeMY 0GO3HAMEHHH ¢ OCHOBAHHEM
@y [IA OpAMHAJIOB, MeHbIIAX af; Temeps BMecTo k MoOXHO
HCIIONH30BaTh JAI000H OpHHA.

MoxHo 6bI0 6B cpa3y cKa3aTb, ITO 2JeMeHTaMH MHO-
xecrBa [B — A] apasiorcs dopMaibHbie CyMMBI BUA

aﬂlal+aﬂzag+...+aﬂ"ak

(rre B> pB1>...> Br mway,...,ar < &) € €CTECTBEHHBIM
NOPSIKOM Ha HUX.

Tenepb yxe NOHATHO, KAK YCTPOEHBI OPJHHANLL B IOCIe-
[NOBATEABHOCTH

w (W)
w¥ W™
TepBbiit 13 HUX 06PA3OBAH ¢ONHOITAKHBLIMUY BHIPAKECHUAME
BHA
b, ba b
wiltay +wias + ...+ wFag,
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rfe a; 1 b; — HaTypaabHble ducaa (1 by > ... > by). Ecan B
KadecTBe by,...,bx paspelmInTh MHCATHL JAIOOBIE «OHOITAK-
Hble» BLIpAXKEHHA YKa3aHHOr'O BHA, TO MOJLYIeHHEIE «IBYX-
5TaXKHbIe) BBIPAKEHHUA yIOPAfodeHb o Ty w'@ ). Paspe-
IIIMB B II0OKa3aTelAX JBYX3TaXHbIEe BLIPAKEHHA, MEL IOJLY THM
TpexXsTaXkHble BHIPAXEHHA, KOTOPhLIE 06pasyioT CJae YOIz
opauHaJ u T. . Ecan o6LefUHUTEL Bce 3TH MHOXECTBa, TO
€CTh He OPPaHHIHBATH THCIO 3Tax)ed (KOTopoe Jad KaxkAo-
[0 BBIPAKEHHA TEM HE MeHee KOHEYHO), TO MOJYTHTCA MHO-
KeCTBO, YIIOPAJOIEeHHOE [0 THILY

sup(w,ww,w(ww), ..2)

ITOoT opauHal obo3HadaeTcd €.
137. loxaxmnTe, 9TO

50=w+w“’+w(ww)+...

138. Ompegesmm 71 HaTypPaIbHHX THCE OMEPANNIo ¢TOTAlb-
HOM 3aMeHHI ocHOBamHA k Ha I» (3gecs kK m | — HaTypammHHE
Tmcita, mpraeM ! > k) caegyroumm o6pa3oM: JaEHOe THCIO 11 3a-
mHUEeM B k-H9HOHM CHCTEME, TO €CTh Pa3ioXHM IO CTemeHAM k,
TIOKAa3aTelH CTENEHEr CHOBA 3allAIllEM B K-H9HOM CHCTEME, HOBHE
NOKa3aTeln TakKXXe Pa3joXhM F T. . JaTeM Ha BCeX YPOBHAX 3a-
MEHHM OCHOBaHWe k Ha OCHOBaHHE | M BHYNCINM 3Ha9eHHE IIOIy-
qmBlIErocs BHpaxenns. [JokaxwuTe, 9T0 Ha9aB C J1060r0 12 H BH-
TIOJHSAA TOCAEA0BATELHOCTh ONEPANNH (BLYATAHUE €QHHULNE —
TOTAJbHAS 3aMeHa OCHOBAHUA 2 Ha 3 — BHYATAHWE E€AWHALNE —
TOTAJbHAS 3aMeHa OCHOBAaHWUA 3 Ha 4 — BHYATAHWE E€AWHALNE —
TOTaJbHAS 3aMeHa OCHOBaHWA 4 Ha 5 —. .. », MBH DaHO W/ HO3THO
3aHéM B TYNHK, T.€. NOIYy9HATCA HyJb W BHYECTH €IWHALNY OY-
ZeT Hemb3sd. (YKasaHWe: 3aMEHEM BCe OCHOBAHHA CPa3y Ha OPXH-
Hail w; HOJIyINTCA yOHBalomWas MOCIeJ0BaTEILHOCTE OPAUHAIOR,
MEHBIIEX £g.)

2.13. lpunoxeHus opauHanor

B 6onbmmHACTBe cIyd9aeB pacCcyXKJAeHHS ¢ UCTIOABL3OBAHEA-
eM TpaHCHUHATHON HHAYKIHH W ODPJHHAJIOB MOXKHO 3aMe-
HHUTH CCHLAKOU Ha JeMMy 1lopHa; Ipu 3ToM paccy X eHHe cTa-
HOBUTCA MeHee HAIVIATHBIM, HO (hopMaibHO 6Golee TPOCTHIM.
Tem He MeHee GBIBAIOT CHTYAIIWH, KOTJa 3TOTO clledaTh He
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yaaéresa (mo kpalHel Mepe, HefACHO, KakK Obl 9TO ClIeOBa-
JIO JeNaTh), U IPHXOAWTCA MOJb30BATLCA BIOAHE YIIODALO-
4eHHBIMH MHOXKeCTBaMH B ABHOM Bhje. B sToM pasjene Mbl
HpHUBEAEM ABa MOJOGHBIX MpUMeEpa.

IlepBuii 3 HUX KacaeTca GopeaeBckux mMHoxecTB. (s
HPOCTOTHL MBI PACCMATPABAEM 10 MHOXECTBA, EUCTBATE b~
Holl mpsaMoin.) CeMeACTBO MOAMHOXECTB jJeHCTBHTEILHOU
OpAMOU HA3BIBAeTCA 0-aa2ebpoti, eCil OHO 3AMKHYTO OT-
HOCHTEAbHO KOHEYHBIX W CYETHBIX IepecedcHHH W 0Obequ-
HEHHH, a TakXe OTHOCHTEIbHO Mepexojfa K AOMOJHEHHIO.
(9To o3HAUaeT, YTO BMeCTe ¢ KaXJbIM MHOXKECTBOM A 5T0
CeMeHUCTBO cOfepKUT ero gomonnenne R\ A, u Bmecte ¢
Jo66IMI MHOXKecTBaMi Ag, A1, ... CEMEACTBO CONEPKUT UX
obpegunenne Ag U Ay U ... u nepecederne AgN A1 N...)
Ipumep: cemeiicTBo P(IR) Bcex moAMHOXeCTB NPAMOM, O4e-
BUHO, ABAAETCH 0-alArebpoi.

Teopema 43. CymecTByeT MUHHMaAbHaa o-airebpa, co-
Aepxaillias Bce OTpe3kH [a, b] Ha mpaMoil.

<1 PopMaIbHO MOXHO PACCy KJaTh TaK: pacCCMOTPHM BCe
BO3MOXHBIE 0-aidre6phl, cofepXKalle oTpeakn. Ux mepece-
4eHue 6yjeT o-aarebpol, U Toxe 6yJeT cogepkaTh Bee OT-
pesku. (Boobiue mepecetenue aw06oro cemeicTBa o-anrebp
6yaeT o-aire6poil — 3TO OoYeBHAHOE CJeJACTBHE OIpejese-
HHA.) JTa o-airebpa u Gy eT HCKOMOH. [>

MHoXecTBa, BXOAAIIAE B 3TY MUHUMAJbLHYIO 0-aare6py,
Ha3BIBAIOT 60peAe6CKUMY.

139. JokaxmTe, 9T0 BCAKOE OTKPHTOE H BCAKOE 3aMKHYTOE
DOAMHOXECTBO LPAMOH ABIAETCA GopereBckmM. (Ykasamme: oT-
KPHTOE MHOXECTEO €CTh 06beJHHERAE COAEPAKAIAXCA B HEM OT-
PE3KOB C PalMOHAILHEIMA KOHIAMH. )

140. JoxaxwuTe, 9T0 mpoobpas a11060ro 60peIeBCKOro MHO-
XeCTBa IIPH HeNPePHBHOM 0TO6paXXeHAH ABAAETCA 60PEIeBCKAM
MHOXEeCTBOM.

141. IIycts fo, f1, ... — mOCIedOBATEIBLHOCTE HENPEPHIBELIX
dbyEKOME ¢ JeHCTBATEILHEIMA apryMeHTaMl ¥ 3HadeHuAMA. [o-
KaXHTe, 9TO MHOXECTBO TOYEK T, B KOTODHIX MOCTE[OBATEIb-
HocTh fo(), f1(Z), ... mMeeT mpegen, aBasgeTcs GOPENEBCKAM,

BOpeJIeBCKI/Ie MHOX€CTBa HI'PalOT BaXHYIO pOJb B de-
cnpunmueuoﬁ meopuu MHONHCECTME. Ho Mb1 xoTum Jumb npo-
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NEMOHCTPHPOBATEL HCIIOJNL3OBaHHE TPAHC(PUHHTHON HHAYK-
. (BpsAJ W JErKo 3aMeHAEeMOH Ha WMCIOAb3OBAHUE JIeM-
mb lopHa) Ha mpuMepe caeayIomel TeopeMbi:

Teopema 44. CemelicTBo Bcex GOpeNEBCKHX MHOXKECTB
HMeeT MOITHOCTH KOHTHHYYMA.

<] Kanacc 6opeleBCKHX MHOXECTB MOXHO CTPOHTBL IIO-
crenenno. HavHEM ¢ OTPE3KOB M JOMOIHEHHH K OTpe3KaM.
Ha cregyromeM Imare paccMOTPHM BCEBO3MOXKHBIE CICTHDIE
nepecedeHns W OOLEUHCHAA yXe IIOCTPOCHHBIX MHOKECTB
(oTpe3koB U AOMOJTHEHHH K HIM).

142. [lokaxwTe, 9TO IPH STOM TOIY9aTCA (CPefw MPOTero)
BCe OTKPHITHE H BCE 3aMKHYTHE TIOJMHOXECTBa IIPAMOH.

Jlajee MOXKHO pacCMOTPETh CYETHBIE OOBEIMHEHHS W 116
pecedeHns ykKe MOCTPOEHHBIX MHOKECTB | T. .

Boaee dopmanbro, nycts By — ceMeHCTBO MHOMKECTB,
COCTOAIIee W3 BCeX OTPEIKOB M fomoaHeHni k HuM. Ormpe-
neruM B; 41 1o MHAYKIIUH KaK CEMEUCTBO MHOXKECTB, ABJIAIO-
IIUXCA CHETHHIMEA OGBeIMHEHHAMA WIH epecedeHHAME MHO-
KecTB U3 B;.

Bee cemeiictBa B; cocToAT U3 60peAeBCKHX MHOXKECTB
(mockoapky cuéTHOe OOBEIHHEHHEe WM TepecedeHne Gope-
JIEBCKHX MHOXKeCTB ABisgeTcsa GopeneBckuM). HedepnsiBaior
Ju oHH Bce GopeneBckre MHokecTBa? Boobie rosops, mer:
eCAH MBI BO3BMEM TI0 O[HOMY MHOXKECTBY M3 KaXJOro Kaac-
ca B; mna Beex ¢ = 0,1,2,... ¥ paccMOTpUM WX CIETHOE
nepecedenne, TO OHO BIOJHE MOXET He TIPHHAIeXATh HH
oaHoMy u3 KiaaccoB. IlopToMy MbI paceMoTpuM kiacce B,
npecTaBasfomi coboll obhenunenne Bcex B; 10 BeeM Ha-
TYpaJbHBIM %, 3aTeM Byt1, Buyo u T. 1. O6beaunenne 9Toi
MOCAEJOBATEIBHOCTH KAACCOB €CTECTBEHHO HasBaTh Byo W
MPOJOIKUTH TOCTPOCHHE.

Mamum opmaabhoe onpejeterue By, M T060T0 Opiau-
HAJa . JTO AETAETCA ¢ MOMOIIBI0 TPAHC(PUHATHON PEKYp-
cun. Umenno, npu @ = 8 + 1 saemenramu kiacca By SyayT
CYETHBIE OOBEJMHEHHA W TepecedeHns MHOKECTB M3 Kaac-
ca Bg. Ecm a — mnpefenbHbli opguHal, oTiddHbi or 0,
To ka1ace B, npegcraiasger coGoll obbegunenne Beex Bg mo
BceM 8 < a. (Kaxacc By Mol yxe onpegennin.)
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Hs onpepnerenus caegyer, 4to By C B npu a < f, Tak
9TO MBI TIOAYIaeM BO3PacTaoIIylo Ielb KIaccoB. Kax b
KJIACC 3aMKHYT OTHOCHTENBHO TEPEX0/[a K HOTOTHEHHIO (1
Ha9YaJbHOTO KJIAcca MEL 06 9TOM 1103260 THINC, fjajlee MO HH-
aykin). Bee kiacesr By cofiepxaTca B Kiaacce GOPeIeBCKHK
MHOKECTB, TaK KaK Mbl TPHMEHAEM JHUITb OIEPalHi CIET-
HOT'O OOBETHHEHHAA U TIepecedeHns, OTHOCATETHHO KOTOPHIX
Kaacc BOpeJeBCKHX MHOKECTB 3aMKHYT.

BosnukaeT Bolpoc: Kak [aleKo HyAHO MPOJOaKaTh 9Ty
koncTpyknmo? OkasplBaeTcd, 9TO AOCTATOYHO JOUTH [0
MEePBOTO HECIETHOT'O OpUHAA.

Iycrs Ry — HaWMEHBIIMH HeCIETHBIH OpARHAJ. (DTO —
cTaHJapTHOE Ui Hero oGosHadeHue.) JIpyruMu crioBamu, ¥y
€CTh CeMEHNCTBO BCeX CYETHLIX OPJUHANOB, YIOPAJOIEHHBIX
OTHOIIIEHHEM <, Ha OpJUHAIaX.

Jlemma. Knace By, 3aMKHYT OTHOCHTENBHO CIETHHIX 065~
eJIMHEHH W MepecedeHni W MOTOMY COJEpXKUT Bee Gopeaes-
CKHE MHOXECTBa.

JlokazaTeabecTBo JeMMbl. IlycTh mMeeTcs caéTHad Mo-
caeoBaTeNLHOCTL MHOKeCTB Byg, Bi,..., IpuHajIexkamnmmx
By,. Opgumax ¥; — npegenbHbl, u kiaacc By, ABIsgeT-
cA obbefUHEHHEM MEHLIIHX KaaccoB. [lopToMy Kaxjoe M3
MHOXKeCTB B; NpHHAJIEKUT KakoMy-To Kiaaccy B, rie
a; — HeKOToprfi OpJMHAJ, MEHLIIMA N7, T.€. KOHEYHLIH
win caeTHE opauHad. [lomoxum f = sup; ;. Op,z[HHaJI B
€CTh TOHYHAA BEDXHAA T'DaHb CIETHOTO 9HCAa CIETHBIX Op-
[MMHAJOB W ToToMy cdéTeH. B caMom pnene, paccMoTpum
opauHaabl f; Kak HadaJbHbIEe OTPE3KH B KAKOM-TO GOMb-
eM opUHAIE (Ha.HpHMep, B N1); HX TOYHAA BEPXHsA IDaHb
6yAeT 0OBeTHHEHNEM CIETHOTO YUCTa CIETHLIX HAadalbHbBIX
OTPE3KOB W MOTOMY OyJeT CIETHBIM OpPJHHAIOM.

Tenepb TIepBoe yTBEpXJeHHE AeMMbI O9€BHAHO: Bee B;
nexaT B Bg, a MoToMy uX o0befuHenne (MK [epecedeHne)
1exuT B Bgrq1 u TeM Goree B By, (mockoanky f + 1 ectn
CYETHBIH OpAHHAT U MeHbIlE Ni).

Takum o6pa3oM, kaacc By, ABIfeTcA o-anre6poil, coep-
Kalllel OTPE3KH, H MOTOMY COJIEPKHT Bce 60peNeBCKHe MHO-
®ecTBa. JleMMa fokazaHa.

Kak MBI yxe oTMedaan, Bee KIacchl By cOCTOAT H3 6ope-
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JEeBCKHX MHOXKECTB, TaK 9T0 Kiace By, COBIAfaeT ¢ KIacCOM
BceX 6OpENEBCKHX MHOMXKECTB.

Yro MoXHO cKa3aTh Mpo MoIHOCTL kiaaccoB? Kiaace By
HMEET MOIIHOCTb KOHTHHYYMa (OTPE3KH 3a/aroTcs CBONMH
koumamn). Ecau kaacc B, HMeeT MOIIHOCTH KOHTHHYYMA,
TO U CAEAYIOIMA Kaace By41 MMeeT MOIUHOCTH KOHTHHYYMa
(kax B ero BaeMeHT 3a4aéTcsd CIETHOH MOCIe0BATENBHO-
CTBIO DJIEMEHTOB TIpe/IIecTBYIOMero Kiacca, a ¢3° = ¢). Ka-
HKALIH MPeJedbHLIH KIACC eCTh 06heJHHeHne PeblAyIITHX,
W TI0Ka MBI HE BBHIXOJHM 3a NpPelelbl CIETHBIX OpPAHHAIOB,
obbeauHenne 5T0 GygeT caéTHO, a ¢(Ng = ¢, TaK YTO MBI He
BBIXOJ[HM 3a Ipejedbl KoHTHHyyMa. Hakonet, By, ecTb 065
e/[MHEHIEe HECIETHOr O YHCIa PEABIAYIIMX KIaccoB (a HMeH-
HO, 81 KaaccoB), Ho Tak Kak ®; < ¢, To ¢y = ¢.

Takum o6paszoMm, kiacc By,, OH ke Kiacc Bcex Gopenen-
CKHX MHOXKECTB, HMeET MOIIHOCTL KOHTHHYyMa. [>

O6brH0 NocTpoeHne HOPEJeBCKHX MHOXECTB HATHHAECT-
cA HeMHOr O MHave. FIMEHHO, Ha HUAHeM yPOBHE paccMaTpH-
BalOTCA JBa KJAcca: OTKPHITHIE W 3aMKHYTHE MHOXECTBA.
Ha crepyiomeM ypoBHe HaXOAATCA KAacChl Py (C46THBIE 065
e/[MHEHNA 3aMKHYTHIX MHOXecTB) u (5 (CHETHBIE mepecede-
HHUA OTKPHITHIX MHOXecTB). Eig Ha ypoBeHb BBIIIE TeKaT
CIETHBIE TIepecedeHns MHOXKECTB H3 Fy M CIETHBIE 00BenH-
Henuss MHOXecTB u3 (5, u T. 1. Takol noaxon apaserca 6o-
Jiee eCTECTBEHHBIM C TOYKH 3DEHHA TOIOJOTHH, MOCKOILKY
OTpEe3KH Ha NMPAMOH HHYeM He 3amMedaTenbHbl. MoxkHO mpo-
BEPHTDH, YTO Pa3HHUIa MeXJy TaKHM IOAXOA0M W HallnM
olpejleeHneM HeBeNKa.

143. JokaxmnTe, 9TO epecedeHne ABYX Fy-MHOXeCTB ABIaAET-
ca F,-MmEOXecTBOM (E{ BooGIme kiaaccH Fy, G5, a TaKXe KIacCh
CIeAYIOUNX YPOBHEH, 3aMKHYTH OTHOCHTEIHLHO KOHEIHHIX O6H-
eAWHEHNH W NepeCe<enmi).

144. [lokaxnTe, 9T0 F,57- 1 (G5-MHOXKeCTBa JeXaT B Kiacce Bz
B COOTBETCTBHH C HallleH KIacCupUKAMAEH.

145. JokaxmTe, 9TO BCAKOE MHOXECTBO Kiacca B; oTmmaa-
erca or HekoToporo F,- mmm (Gs-MHOXecTBa He Gosee 9eM Ha
C9€THOE MHOXECTEO.

146. [JokaxmTe, 9TO BCAKOE MHOXECTBO Kiacca B3 sBiasercsa
CIéTHHIM IlepecedenneM F;-MHOXeCTB Wim CI€THHIM O0heImHe-
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areM (G 5-MHOXECTB B 9TO aHAJOTHIHOE YTBEPXKACHHE BEPHO [
60siee BHICOKHX YPOBHEH HallleH WEPapXHH.

147. [lokaxuTe, 9TO CyIIeCTBYeT OTKPHTOE MHOXECTBO Ha
IJIOCKOCTH, CPEJH BEPTHKAJIBHKEX CEIE€HNH KOTOPOT'O BCTPEIaioT-
CA BCe OTKPHITHIE MOJMHOXECTBa MpAMoH. [loKaXmuTe, ITO Cylre-
cTByeT (G§5-MHOXECTBO Ha INIOCKOCTH, CPENH CEIEHHH KOTOPOTO
BcTpedaoTca Bce G5-MOAMHOXECTBA NpAMOn. [[okaxwuTe aHAIO-
THYHBIE YTBEPXIECHAA [IA CAEAYIOUHX YPOBHEH.

148. TlokaxmTe, 9TO CcymecTByeT (5-MHOXECTBO, HE ABJIA-
omeeca Fy-muoxecTBoM. Ilokaxwure, 9T0 CcymecTByeT caéTHOe
obbeguuenne G5-MHOXECTB, He SBAIOLUIEECT CIETHHM Iepecede-
EmeM F,-MHOXeCTB H T.J. (YKa3aHHe: BOCIOIB3YHTECh IpeXbl-
IyIeH 3ajadel.)

OpuHAJBL 9aCTO MOABAAIOTCA PH KAACCADUKAITHA 3Je-
MEHTOB TOT'O MJAM MHOT'O MHOMKECTBa MO «paHTamy». Hampu-
Mep, MOXHO KAacCHhUINpOBaTh BJIEMEHTH (byHIUPOBAHHO-
IO MHOXKECTBA.

Teopema 45. Ilycte X — dyHIUpOBaHHOE MHOXKECTBO.
Torga cymecrByeT u efquHcTBenHa yHxius rk, onpeneaéH-
Hasd Ha X W MPUHUMAOIIAS 3HAYEHUA B KJIACCE OPAMHAIOB,
/IS KOTOPOU

rk(z) = min{a | @ > rk(y) gua nsoboro y < z}

(npu mr060M z € X).

<1 Onpegenum MHOKECTBO X o PEKYPCHEH 110 OPAMHALY
Xq cocToUT U3 Beex daeMeHTOB £ € X, A KOTOPBLIX BCe
Menbnne X (B X) saeMeHTH OIpuHagiexar X3 ¢ MEHBITHMH
wHAeKkcaMu f3:

zeXy & (Vy<z)(IB<a)(yeXp).

JaMeTnM, 9TO 371ech (Kak W B (POPMYTHPOBKE TEODEMBI)
3HAK < WCHOJB3YETCA B JBYX PA’HBIX CMBICJAAX: KaK TOPs-
nok Ha X M Kak [MOpsjJoK Ha OpMHAIaX.

Od4eBHHO, 9TO C POCTOM @ MHOKECTBO X4 pacTéT (TOY-
Hee, He yObiBaeT). Jloka)eM, 9TO NPH JAOCTATOYHO GOXB-
moM a MHOKecTBO X mokpbiBaeT Bcé A. Ecau 5To He Tak,
To m B <y caepyer Xp C Xy (MpOM3IBONBHBIN MHHAMAND-
HBII DIeMeHT, He Jdexammid B Xg, npuHagiexut X ). Ilo-
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aToMy oTobpaxenne a — X, 6yeT HHBEKIHeN, ITO HEBO3-
MOXHO (BO3BMEM OpAHHAN, Mo MoIHOCTH Goabimmi P(X);
[PEIIECTBYOIMX €My ODJAHHAIOB y¥Ke CIHIIKOM MHOTO).

Teneps onpegeanm rk(z) kKak MUHHMATBHOE @, IPH KOTO-
pom z € X,. Ecau tk(z) = a n y < z, o tk(y) < @. (B ca-
MOM Jleqie, TIo onpefeaeHnto X, u3 £ € Xo n y < T clefyeT,
aro y € Xp npu HekotopoM f < a.) HaoGopor, ecan gis
HEKOTOPOT0 Op/IHHAJA Y BBIOAHEHO HepaBeHCTBO Tk(Y) < ¥
npu Bcex y < z, To tk(z) < 7. B camom gexe, Torga mo-
GOl 5aIeMeHT Yy < & IpHHALIEXHT HekoTopoMy Xpg ¢ f <
(monoxum B = rk(y)) u moromy z € X, u tk(z) < 7.

Hrak, nocrpoennas namn dpynknua rtk obranaeT Tpeby-
€MBIM CBOMCTBOM. EJHHCTBEHHOCTD JOKa3aTh COBCEM JErKO:
€CJH eCTh fIBE TaKne (PyHKIINH, PACCMOTPHM MHHAMAIBLHYTO
TouKy B X, Ha KOTOPOH OHH Pa3HYalOTCA, U Cpa3y Xe Io-
JYIHUM TPOTHBOpEIHE. [>

B wacTHOCTH, CYETHLIE OpHHANEI MOXKHO HUCIOAL3OBATD
IS KJIACCH(PUKAITHH JepeEBLEB, B KOTOPHIX HET 66CKOHETHBIX
nyTel. Mul 6yieM paccMaTpHBaTh KopHegble Jepeeba ¢ Ko-
HEUHBIM UL CUEMHbIM 6emeaentues (Y KaXK/NOH BepPIITHHBL
KOHEYHOE HIH CIETHOE 9HCI0 CHHOBEH), B KOTOPHIX HET Gec-
KOHEYHOH BeTBH (IIOCJA€[0BATENBHOCTH BEDIIHH, B KOTOPHIX
Kax/asd eCThb ChIH TIPeAbIAYIIeH).

PopManbHO Takoe [epeBO MOXKHO ONpPEAeJHTh KaK Mof-
MHoxecTBo T MHOXecTBa N* KOHedHBIX MoOCIEfOBATENHHO-
CTell HATYPaJbHbIX 9HCEN, 3AMKHYTOEe OTHOCHTENHHO B3ATHA
npedukca (ecau MOCAEROBATEIBHOCTD NpHHAMIEKAT T, TO
M0G0 €€ HavadbHbIH OTPe3OK NpHHANIeKHAT T). DIeMeHTH
MHOkecTBa T MBI HA3bIBAEM 6EPUIUHAMY [lePEBa; BEPITHHA Y
€CTh CbIH BEPIIMHBL T, ECJHH Y MOTY9IaeTCA M3 T NPHITHCHIBa-
HHeM cIIpaBa KaKoro-To ofHoro ducia. Bepmmna y apiagerca
NOMOMKOM BEPIIUHB T, ECIH Y TOAy9aeTcA foOaBIeHeM K T
OJJHOT'O W HECKONBKUX THCE.

Meur roBopumM, 9To B flepeBe T nem beckoneunoii 6emeu,
€CJH HE CYIIEeCTBYET HGECKOHETHON TOCAeOBATENIbHOCTH Ha-
TypaJbHBIX 9HCed, Bce Hadada KOTOpoHW npHHajguexaT 7.
B 5ToM cayvae oTHomeHne TopAaKa

Yy < & < Y ecTb IOTOMOK I
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PyHIMpOBAHO H MOXHO IPHUMEHHTDL MPEALIAYIILYIO TEOPEMY,
ollpejleAnB PaHTH BCeX BepuH gepeBa 1. Panr ero xopua
(mocaenoBaTenrbHocTH AanHbL 0) # Gy/leM Ha3BIBATH PaH20M
depesa.

Teopema 46. (a) Panr mo6oro fepeBa (omHcaHHOTO BHA)
ABAAETCA CIETHBIM OPJHHAIOM.

(6) Besxuit cH€THBIH OpAMHAN ABIAETCA PAHTOM HEKOTO-
poro gepesa.

<1 (a) IlycTh paHT HEKOTODOrO fepeBa, TO €CTb DPAaHD
€To KOpHA, ABIAETCA HECYETHLIM OpAmHatoM. Torma paHr
OJIHOT'O W3 CHIHOBEH KOpHA Takke HecdéTeH. (B camom ge-
Jie, TOYHAA BEPXHAA I'PaHb CIETHOI'O MHOKECTBA CIETHBIX
OP/MHAJIOB ABJIAETCA CIETHLIM OPJUHAIOM; 3TO CTAHOBHTCA
ACHBIM, €CJIH PACCMATPUBATL 3TH OPAUHANLI KaK HadalbHbIE
OTpe3Kn GoabIlero — Torja TodHad BEPXHAA IpaHb OyaeT
OOBEHHEHNEM.) Y TOr0 CHIHA B CBOIO O9ePE/b €CTh ChIH He-
CIETHOT'O paHra u T. j. JTOT IIPOIEcc He MOKeT 060pBaTh-
cA, M MBI TIOAyIaeM GECKOHETHYIO BETBb B IPOTHBOPETHH C
PeATIONOKEHNEM.

(6) DTO yTBEpKACHHE JOKAIBIBAETCA HHAYKIHEH: MyCTh
@ — HaMMEHBITHI CIYETHLIA OpANHAM, AI1A KOTOPOrO TAKOT O
nepeBa HeT. Torga mua Bcex MEHDBIIHX OPJUHAJIOB J€PEBbA
ecTb. Bo3abMéMm 5TH jflepeBbs W cleTaeM X MOAEPEBbAME C
OOGIIHM KOPHEM (HX KOPHH CTaHyT CHIHOBBAMHE 9TOT0 OOIIEro
kopH#). HoBoe jepeBo Takke MMeeT CYETHOE BeTBIAECHHE H
PaHT ero KOpHA paBeH a. [>

149. IlycTs mMeeTCs C9€THOE AepeBO, He mMemllee GeCKOHET-
HEIX BeTBeH. [IpeAnoaoXuM, 9TO B KaX/JOM €ro JHCTe HaXOIuT-
CA OTPE30K HH [ONOJHEHHE A0 OTPE3Ka, a B KaX[OH BHYTPEH-
Hel BeplIMHE CTOHT 3HAK IepecedeHus Wim o6beamHeHnA. Kak
COIIOCTaBATH TaKOMY [HepeBY HEKOTOpoe G0OpeleBCKOe MHOXECT-
Bo? (YKasaHHe: mOKaXHuTe, 9TO B KaXJOH BEPIINHE MOXHO €JHH-
CTBEHHHIM 00pa3oM HaInCcaTh HEKOTOPOE MHOXECTBO, COIIAaco-
BaHHOE C OMeTKaMH.) [lokaxnuTe, 9T0 BCe 60peleBCKHe MHOXe-
CTBa MOT'YT OBITH IIOJy9eHH TaKHM cIocoboM.

JlepeBba ¢ MOMETKaMH, pacCMOTpPEHHBIE B DTOH 3ajatie,
IpeJcTaBaAIoT coboll Kak Obl 6GeckoHednble (pOpMYJbLI, CO-
CTaBIEHHLIE 3 OTPE3KOB U JONOJHEHHH K HUM C IIOMOIILIO
ollepaliil CIETHOr O OGBbeHHEHHs | [lepecedeHns (KOHeIHbIe
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MePEBbA COOTBETCTBOBAIM OBl KOHEIHBIM (hopMyaam). Mox-
HO YCJOBHO CKa3aTb, 4TO OOpejeBCKHEe MHOMXKECTBAa — 3TO
MHOX€eCTBa, BEIpaKalolIiecs ¢ TOMOIIBI0 TaKuX (hopMy.

B nakaodueHne mpuBefeéM ckopee 3abaBHBIA, €M Bak-
HBIH, TPHMEp HCIONb3OBaHWA TPAHC(UHATHON PEKYDPCHH W
OpIUHAJIOB.

Teopema 47. CyuiecTByeT MHOXKECTBO TOYEK HA MIOCKO-
CTH, KOTOPOE TIePeceKaeTcs ¢ Kaxk oW MPAMOH POBHO B BYX
TOYKAX.

<] TpebGoBanus K MHOXKECTBY MOXKHO C(hOpMYyIHpPOBATH
Tak: HAKaAKWe TPH TOYKH He JAeXaT Ha OJHOW TPAMOHU, HO
aobas IpsiMas TIEPECEKAeT ero He MEHee 9eM B JBYX TOYKAX.

ByngeMm cTpouTh 3T0 MHOXECTBO TPAHC(HHHATHON PEKYp-
cuer. IlyeTh @ — MUHEMAIbLHLIA OPAMHAL, HMEIOIIHN MOILI-
HOCTh KOHTHHYyMa. (Eciin KOHTHHYyM-THIOTE3a BepHa, TO
OH coBHagaeT ¢ Ry, HO 3To HaM He BaxHo.) Torga MHOKeCT-
BO BCEX MEHBINX OPJUHAIOB MOKHO TTOCTABHTH BO B3aUMHO
OJTHO3HAYMHOE COOTBETCTBHE C MHOKECTBOM BCEX MPAMBIX HA
miockoctu. llycrs g — npsmas, cooTBeTcTBYIOWAA OpIU-
naay 8 < a.

[ kax foro B < a nocrpouM MuoxecTso Mg, B KOTO-
POM HUKaKWe TPH TOYKH He JeXKaT Ha OJHOH IPAMOH, Cley-
oM o6pazoM. O6beHHAM BCe TTOCTPOEHHBIE patee MHO-
xecTBa M, mpu Bcex ¥ < . MoryT am B 3TOM MHOXECTBe
(o6osnadnm ero T) KakHe-TO TPH TOYKH JTeKaTh Ha OJHOH
npsmon? Ecan ga, To 5TH TodkH GepyTcs M3 KAKHX-TO MHO-
wecTB My, , M., M, ; BoabMéM HanGONBINIH 3 OPAMHAIOB
1, Y2, ¥3; B COOTBETCTBYIOIIEM MHOXKECTBe Oy Iy T TPH TOY-
KH, JeXalllie Ha OJHOU TPAMOU, ITO TPOTHBODEIHT MpPej-
TTOMOKEHHIO WHAYKITAH.

[locMoTpUM, BO CKOJIBKHX TOYKAX [epeceKacT npaMad Ig
mHOkecTBo T. Takux Touek (mo gokasaHHOMY) He Goablile
aByx. Eciu X poBHO jBe, TO BCE XOPOIIO H MBI HOBBIX TO-
4yek He gobapiaseM, cuurad, 9To Mg = T. Eciu ux Menb-
e, TO MBI NOKHBL NOGABATH HOBBIE TOYKH (f0 ABYX), HO
TOABKO TaK, 9TO6H IPH 5TOM He 06pasoBaloch TPEX TOYEK,
JeXKAITHX Ha OJHOH MpsaMoH. [IpyruMu cloBaMH, HEAL3s JO-
6aB/IATb TOYKH, KOTOPLIE JeXaT Ha HepecedeHuu lg ¢ mpsa-
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MBIMH, TIPOXOAIIAME 9epe3 Maphl y&Ke HMEOMHXCA TOYeK.

CKOJIBKO TaKHX NIPAMBIX (TO €CTh CKOMBKO TIap yxKe HMe-
fotmxcsa To4gek) T Io TocTpoeHn o BHAHO, 9T0 BCe YKe HMEIo-
Iecs TOYKH JeXaT o JABe Ha Kax ol npamoii L, npu v < B.
(Crporo roeops, 5To clefyeT BKIOYHTH B HHIYKTHBHOE
npegnonoxkenne.) Takum oGpasoM, MHOKecTBO T 1O MOII-
HocTH ecth 28 = B, a nap Touek He Goabine 82 = B < ¢. Ilo-
9TOMY 3alpelEHHBE TOYKH COCTABIAIT JHIIb Malyio (1Mo
MOIIHOCTH) acTh IPAMOH [g, I MOXHO BHOPATL OBe paspe-
MEHHBIE TOYKH.

Tenepb ocTatoch 00BEJHHATL MHOXeCTBa Mg J1a Beex
opauHatoB < a W MOAyYaTb HckoMoe MHOXecTBo. (ITo
YCIOBHIO TPH TOYKH Ha OJHOH TIPAMOH B HEM TOSABHTLCA HE
MOT'YT, a BCAKaA NpAMad O6yAeT paHO HJIH TO3JHO PaccMo-
TpeHa M J[Be TOYKH Ha HEH GyayT obecredensr.) >
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3AaTEIbCTBOM €€ MPABHIBHOCTH. KHWTA HamncaHa B opMe 3ajgad
C peTeHnsMH.

Hassamws raas: 1. [lepemenarie, BHpaXeHns MTPHCBAHBAHES;
2. llopox aerne kombuHATOPHBX 06BEKTOR; 3. O6x01 Aepesa. [le-
pebop c BozepaTamm; 4. CopTrpoBka; 5. Koredrrie aBTOMATH H
obpaboTrka TekcTos; 6. Tunn garamx; 7. Pexypcus; 8. Kak o601-
THCEH 6e3 pekypcan; 9. Pasase amropaTme Ha rpadax; 10. Como-
ctaBierane ¢ obpasrnom; 11. [Ipeacrasierme MaOXECTB. Xemmpo-
Banme; 12. [IpegcraBrenne maoxects. /lepesssa. Cbamancaposan-
mhie gepesbs; 13. KorrekcrHO-cBOGOMHBIE TpaMMaTake; 14. CHH-
TAKCHYIECKHEH pa3bop caeBa HAIPAEO.

Vanama B 1995 roxy. 264 c. CBo60oAHO PACIPOCTPAHAEMBIH
tekcr (ASCII, TEX, PostScript) maxogmTes mo agpecy

AJINOPUTMbI: MOCTPOEHHUE U AHAJIN3

Kamura npegcrabaser co60H CTAaHAAPTHBIH aMEPHKAHCKHI
y9e6HFK TIO0 METOJaM IIOCTPOEHHS H AHATH3A BMO(MEKTHEHBIX
AT OPHTMOE, HAITHCAHHHIE HA OCHOBE OJHOHMEHHOIO Kypca B
MaccagyceTcKoM TEXHOJIOTHIECKOM HHCTHTYTE W BHIAEPKABIIIH
6oaee 15 magarni B CIIA (nepsoe — B 1990 rogy). E€ asroper —
Thomas H. Cormen, Charles E. Leiserson, Ronals L. Rivest.

B Bel pazbEpaoTcs BaXHEHAIHE KIACCH 3(M(MEKTHEHRIX AT O-
PHTMOB H METOJHl HX NOCTPOEHNHA (KAK KIACCHYECKHE, TAK H CO-
BpeMeHHEIE). Vlzn0xeHne nogpobHOoe (B HEH OKOJIO THICHYH CTpa-
Hu, Goaee 200 PHCYHKOB), IIOHATHOE H MATEMATHYECKH CTPOIOE.
KHEHT'Y MOXHO HCIOMB30BATh B KAYECTBE YI€OHHKA HIH CIPABOY-
HHKAa, OHA By/IeT TIOME3HA W CTYAEHTAM, H paboTAONEM ITPOrpaM-
mucTam. Ovenp pekomeHgyem!

N3-3a cBoero paazmepa KHUra NOAy4HMNACh AOBONBHO
NIOPOrol, HO U3QaTenLCTBO obewaeT ckuaky B 10%
BCEM YUTaTeNAM, NpeAbABUBLUWM 3TOT KynoH! Appec:
Mockea, 121002, Bonbwoi Bnacbepckui, 11.




